3 CISM COURSES AND LECTURES NO. 462
&—2/s INTERNATIONAL CENTRE FOR MECHANICAL SCIENCES

CHEMO-MECHANICAL
COUPLINGS IN POROUS
MEDIA GEOMECHANICS
AND BIOMECHANICS

EDITED BY

BENJAMIN LORET
JACQUES M. HUYGHE

? Springer-Verlag Wien GmbH



CISM COURSES AND LECTURES

Series Editors:

The Rectors
Manuel Garcia Velarde - Madrid
Jean Salencgon - Palaiseau
Wilhelm Schneider - Wien

The Secretary General
Bernhard Schrefler - Padua

Executive Editor
Carlo Tasso - Udine

The series presents lecture notes, monographs, edited works and
proceedings in the field of Mechanics, Engineering, Computer Science
and Applied Mathematics.

Purpose of the series is to make known in the international scientific
and technical community results obtained in some of the activities
organized by CISM, the International Centre for Mechanical Sciences.

ol Lalu Zyl_ﬂbl




INTERNATIONAL CENTRE FOR MECHANICAL SCIENCES

COURSES AND LECTURES - No. 462

CHEMO-MECHANICAL COUPLINGS IN
POROUS MEDIA GEOMECHANICS AND
BIOMECHANICS

EDITED BY

BENJAMIN LORET
INSTITUT NATIONAL POLYTECHNIQUE DE GRENOBLE

JACQUES M. HUYGHE
EINDHOVEN UNIVERSITY OF TECHNOLOGY

Springer-Verlag Wien GmbH




The publication of this volume was co-sponsored and co-financed by the UNESCO Venice
Office - Regional Bureau for Science in Europe (ROSTE) and its content corresponds to a CISM
Advanced Course supported by the same UNESCO Regional Bureau.

This volume contains 190 illustrations

This work is subject to copyright.
All rights are reserved,
whether the whole or part of the material is concerned
specifically those of translation, reprinting, re-use of illustrations,
broadcasting, reproduction by photocopying machine
or similar means, and storage in data banks.
© 2004 by Springer-Verlag Wien
Originally published by Springer-Verlag Wien New York in 2004
SPIN 10995044

In order to make this volume available as economically and as
rapidly as possible the authors’ typescripts have been
reproduced in their original forms. This method unfortunately
has its typographical limitations but it is hoped that they in no
way distract the reader.

ISBN 978-3-211-21323-0 ISBN 978-3-7091-2778-0 (eBook)
DOI 10.1007/978-3-7091-2778-0

ol Ll Zyl_i}sl




PREFACE

The CISM course on Chemo-Mechanical Couplings In Porous Media - Geome-
chanics and Biomechanics was held in Udine, June 23-27, 2003.

The objective of the course is to gather a floor of experimentalists, modelers
and engineers interested in different physical, chemical, mechanical and transport
aspects of

biological tissues, namely cornea, articular cartilage and intervertebral disc,
and

chemically active geological materials, mainly clays and shales.

The focus is on the couplings between the electro-chemical and the mechanical
aspects involved in swelling and chemical consolidation. Particular emphasis is
laid on the influence of these phenomena on the mechanical properties and on the
transport properties, with a view towards engineering applications, such as

- slope stability of chemically active clays;

- use of clays as barriers to store municipal and nuclear wastes,
and

- understanding of pathologies, of natural or artificial repairs, consequences of

surgery;

- development of adequate prostheses, and

- of artificial muscles via electro-active polymers of biological and industrial
interests, such as polymer gels.

The mechanical behaviour of swelling tissues and clays is affected by a variety
of physical and chemical phenomena occurring at different scales. These are for
clays:

- the nano-scale behaviour of water and tons in the interplatelet space;

- the micro-structural evolution of clusters, free water and its solutes, and air;

- the macro-scale behaviour of the continuum viewed as a multiphase multi-
species medium.

There are many similarities between the swelling of clays and of biological
tissues: in both cases, electro-chemo-mechanical couplings are keys to the phe-
nomena involved. In clays, water is adsorbed to and desorbed from mnegatively
charged clay platelets, which act as anion repulsors. In articular cartilage and
cornea, the negatively charged proteoglycans are responsible for maintaining the
tissue hydrated and inflated; the mechanical response involves also different kinds
of water. The exchange of ions. is.a strongly requlated process, and, in the cornea,



ionic pumps spend a great deal of energy in living bodies to maintain physiological
concentrations.

Applications in geo-environmental and geotechnical technology, including nu-
clear and hazardous waste isolation, oil recovery, engineering geology, geo-
chemistry, hydrology, and in many others uses of clays are addressed directly
or tmplied in the lecture notes collected in this volume. Analysis and control of
long term effects of surgery and mechanical performance of prostheses may benefit
from the modeling of irreversibilities that are of utmost importance in geological
materials. On the other hand, understanding the self-requlation mechanisms of
biological tissues may be helpful in the design of efficient engineering materials.

The course is multidisciplinary. Lectures are of diverse types: laboratory and
field experiments, constitutive modeling at micro- and macro-scales, computa-
tional methods at nano-scales, finite element simulations of laboratory tests.

The course and lecture notes are intended mainly to Ph’D students, re-
searchers and engineers

- in geomechanics with interest in soil remediation, environmental problems;
modeling, laboratory testing and field investigation;

- in petroleum engineering with interest in wellbore stability;

- 1 biomechanics with interest in tissue engineering, articular cartilage and
cornea, prosthesis design and mechanical aspects of surgery;

- 1n physics and nano-scale computations of fluid-solid interactions in capil-
laries of porous media (clays, biological media).

Overall, the course represents an effort to booster the cross-fertilization of
ideas and methods, and to increase the permeability between domains, that in
both the academic and industrial worlds, may benefit from one another.

Benjamin Loret and Jacques M. Huyghe
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Influence of Pore Fluid Composition on Volume Change
Behaviour of Clays Exposed to the Same Fluid as the Pore Fluid

Caterina Di Maio

Dipartimento di Strutture, Geotecnica, Geologia applicata all’Ingegneria, Universita della Basilicata, Italy

Abstract. This paper reports experimental results relative to the influence of pore fluid
composition on volume change behaviour of four different clayey soils: the Ponza ben-
tonite, a commercial kaolin, the Bisaccia and the Marino clays. Oedometer tests were
carried out on dry materials and on the materials reconstituted with distilled water, concen-
trated NaCl solutions and a non polar fluid (cyclohexane). The influence of ethanol was
analysed only in the case of the Bisaccia clay. All the tests were carried out by exposing
the soils to the same fluid as the pore fluid. The results show that the materials prepared
with cyclohexane behave similarly to the dry ones and they both are less compressible than
the materials prepared with aqueous solutions. The coefficient of consolidation increases
dramatically and swelling is negligible in the whole considered stress range. Volume
change parameters strongly depend on the dielectric constant of the pore fluid.

1 Introduction

It is well known that the volume change behaviour of clays is greatly influenced by mineral com-
position. The influence is particularly strong when the pore fluid is distilled water, as shown by
Figure 1 which compares the compression and swelling curves of the Ponza bentonite and a
commercial kaolin prepared with and immersed in distilled water. As expected, the behaviour of
the two clays — reconstituted at about the liquid limit - is very different. In particular, kaolin
compression and swelling curves are more similar to those of a loose sand than to those of the
other clay.

The influence of pore fluid composition depends on the type of soil. In the case of very ac-
tive montmorillonite, experimental results show that compressibility and swelling decrease
with increasing pore liquid ionic force, or with decreasing dielectric constant (Bolt, 1956,
Kenney, 1967; Kinsky et al., 1971; Olson and Mesri, 1970; Mesri and Olson, 1971; Sridharan,
1991; Mitchell, 1993; Di Maio, 1996b). Changes in compressibility and swelling caused by
pore fluid composition variations can be almost the same as those caused by mineral composi-
tion variations. In particular, the compression curve of the Ponza bentonite reconstituted with
saturated salt solutions is more similar to that of kaolin than to that of the water-saturated
bentonite (Figure 2). Depending on the particular value of its specific surface, kaolinite may
or may not be influenced by pore fluid composition. Sridharan and Ventakappa Rao (1973)
found that_kaolinite_may_undergo_consolidation as an effect of an increase in the dielectric
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Figure 1. Oedometer compression and swelling curves of water — saturated Ponza bentonite,
commercial kaolin and sand (Di Maio et al., 2003).
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Figure 2. Oedometer compressi welling curves of kaolin and Ponza bentonite reconsti-

and saturated NaCl solution (Di Maio et al., 2003).
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Influence of Pore Fluid Composition on Volume Change Behaviour of Clays... 3

constant of the pore fluid. The Authors hypothesized that kaolin volume changes are related to
the interparticle forces which control particle sliding. If the ionic strength of pore fluid de-
creases, or if the dielectric constant increases, the resistance to particle movements decreases,
thus allowing a reduction in porosity. Chen et al. (2000) observed that the compression index
of kaolin varies with the diclectric constant D of the pore organic fluid similarly to the
Hamaker constant, and it exhibits a minimum at about D = 24,

Generally, results relative to materials prepared with aqueous ion solutions are explained,
at least qualitatively, in terms of diffuse double layer models. The effects of organic non polar
solvents - attributed to the suppression of the diffuse double layer - are often analysed in terms
of the pore fluid dielectric constant. The purpose of this paper is to compare directly the influ-
ence of extreme types of fluids (water, air, concentrated salt solutions, non-polar organic fluids)
on different types of soils. To this aim the materials were reconstituted at about their maximum
porosity and the results were analysed with reference to a unique parameter: the pore fluid static
dielectric constant. The Ponza bentonite and the commercial kaolin, since they are mainly com-
posed of Na-montmorillonite and kaolinite respectively, represent extreme types of clay soils. In
order to analyse the influence of the smectitic component on natural soil behaviour, two clays
with different smectite percentages, the Bisaccia and the Marino clays, were also tested.

2  Materials

Particle size distribution curves of the tested soils are reported by Figure 3. Table 1 reports mi-
neral composition determined by X-ray powder diffraction analysis, using Cu-Ka radiation, and
the liquid limit evaluated by means of the fall cone test on the powdered soils prepared with dis-
tilled water.
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Figure 3. Grain size distribution curves.
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Table 1. Specific weight Gy, liquid limit w;, mineral percentages.

G, wr  kaolinite  illite smectite
(%) % % %
Ponza bentonite 2.77 390 20 - 70 -80 -

Clorite 10%
Bisaccia clay 2.78 110 10 20 30 Quartz 15%
Calcite 10%
Feldspars 5%

kaolin 2.63 50 75-80 8-10 <5 Quartz and
feldspars 10%
Marino clay 2.75 50 30 10 Mixed layer chlorite 10%
10 quartz 30%-40%

The limit water content was evaluated also by mixing the soils with NaCl solutions at various
concentrations. The results show (Figure 4) that w; decreases with increasing salt solution mo-
larity, with the exception of the commercial kaolin which seems to be unaffected by pore fluid
composition.

Water retention properties were evaluated more accurately by settling tests carried out follow-
ing Sridharan & Prakash (1998). Several suspensions were prepared by mixing 25 g dry material
with different quantities of distilled water or saturated NaCl solution, and they were left to settle.
For any initial water content of the suspension w;, water retention capability w; of the Bisaccia
clay in the concentrated salt solution is much lower than in distilled water, consistently with the
fall cone test results (Figure 5). On the contrary, water retention capability of kaolin in the salt
solution is higher than in distilled water. So, pore liquid composition influences the kaolin beha-
viour, and the type of influence is opposite to that on the smectitic clay, as found by Sridharan &
Ventakappa Rao (1973).

The difference in the type of influence is shown also by Figure 6, which reports two photo-

graphs relative to the Ponza bentonite and the commercial kaolin at about four years from the
beginning of sedimentation tests. The samples were prepared with 40 g/l dry clay. The material
on the left of each photograph sedimented in distilled water, whereas the material on the right
hand side in a saturated NaCl solution. It can be observed that, in the case of the Ponza ben-
tonite, the sediment volume decreases with increasing pore solution concentration whereas it
increases in the case of kaolin. Time trend of consolidation too is strongly dependent on pore
fluid composition, as shown by Figure 7 which reports the average void ratio of the sediment-
ting Bisaccia clay in distilled water and in a 1 M NaCl solution. The material consolidates in a
few minutes in a concentrated salt solution, whereas, in distilled water, after 4 years from the
beginning of the test, it has not reached the equilibrium yet!
The limit water contents of the Ponza and Bisaccia clays were evaluated also with cyclohexane
and ethanol. For the Bisaccia clay also with dimethylsulfoxide, a fluid whose dielectric con-
stant is equal to that of saturated NaCl solution. The obtained values, together with those
obtained with the aqueous solutions, seem to be well correlated to the static dielectric constant
Drof the pore fluid:(Figure:8)=Inrparticular; it is worth noting that w;_ of the Bisaccia clay



Influence of Pore Fluid Composition on Volume Change Behaviour of Clays... 5

Ponza bentonite

( ; .
c:l"i : O commercial bentonite
300 g o Bisaccia clay
R A Marino clay
= . ! :
2 200 | | ~® kaolin

NaCl solution molarity

Figure 4. Liquid limit w; against pore solution molarity. The limit, determined by fall cone test, is defined
as the weight of water divided by the weight of solid (without salt).
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Figure 6. Sediment volume of the Ponza bentonite (on the left) and of the commercial kaolin (on the
right) in distilled water and in a saturated salt solution, about four years after the beginning of the test.
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Figure 7. Average void ratio against time for the Bisaccia clay sedimenting in distilled water and
in 1 M NaCl solution.

R fyl_llsl




Influence of Pore Fluid Composition on Volume Change Behaviour of Clays... 7

400 5
¢ Ponza LN water
O Bisaccia
300 X Marino L
& Laoln 0.2 M NaCl
ob
2
200 1 M NaCl

aflanil 0 6 M NaCl
cyclohexane dimethylsulphoxide

BB

o L sat. NaClsol
0 20 40 60 80 100
pore fluid static dielectric constant D

Figure 8. Liquid limit against pore fluid static dielectric constant.

reconstituted with saturated NaCl solution is very close to wi of the material prepared with
dimethylsulfoxide.

The intrinsic compressibility C.* = e*;5p — e*;5p9 (With e*;5pand e* 9y the intrinsic void ra-
tios at 6°, = 100 kPa and 1000 kPa respectively) varies almost linearly with the void ratio ¢, at
the liquid limit (Burland, 1990). So, the results reported by Figure 8 suggest that an analogous
dependence on pore fluid dielectric constant will be shown by the compression index.

3 Methods

Compressibility was evaluated by means of fixed-ring oedometer tests on specimens submerged
in the same fluid as the pore fluid. Four sets of materials were reconstituted with four different
fluids. The first set consisted of the natural soils reconstituted by mixing the air-dried powders
with distilled water. The second set was constituted by the air-dried powdered materials mixed
with NaCl solutions at various concentrations. Also in this case, the initial solution content was
equal to - or higher than - the liquid limit evaluated with the same solution. For the Ponza ben-
tonite and the Bisaccia clay reconstituted with water or with aqueous ionic solutions, the liquid
limit state was verified to be a reference state. In fact the compression curves relative to several
different initial solution contents higher than w; were found to converge at low values of ¢’,
(Figure 9). Another set of tests was carried out on the materials saturated with cyclohexane, an
organic non polar fluid whose static dielectric constant is D = 2.0 at 20°C. The powdered soils
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were oven-dried at 105°C for three days. In this case it was impossible to test the materials for
fluid contents higher than the liquid limit because self-weight consolidation rapidly occurred. So,
the materials were rapidly mixed with the maximum liquid content at which apparently there
was no self-weight consolidation. They were placed in consolidation cells, immersed in cyclo-
hexane, and the cells were sealed. The last set of tests was carried out on “dry” specimens. The
materials, dried at 105°C for 3 days, were prepared in thin layers, with an initial void ratio close
to that of the materials prepared with cyclohexane.

The specimens - 2 cm thick - were loaded and subsequently unloaded by steps, doubling and
halving respectively the external load. Only in the case of the Bisaccia clay reconstituted with
distilled water, a great tendency of the material to extrude required smaller axial stress incre-
ments. Each load was sustained long enough for the completion of primary compression or
swelling and the development of secondary volume strains.

2 -
10 : O w=1.5wL
<& w=1.2wL
O i
8 1,5 ) ® w=wL
$. O o 0
®
A v g m|
6 1 = 8 5
£ 1 ¢
®
X = ¢
4 b i Ry g . g ™
h o LS
2 o ’ — , "
Ponza bentonite reconstituted Bisaccia clay reconstituted L
0 with distilled water with 1 M NaCl solution
T 1 0 I Ll 1
10 100 1000 10 100 1000 10000
o (kPa) o'a (kPa)
Figure 9. Compression lines for initial liquid contents higher than the liquid limit.
4 Results

The comparison of the effects of different types of pore fluids is reported by Figure 10.a for the
Ponza bentonite. The figure reports the oedometer compression and swelling curves of a speci-
men reconstituted with distilled water, of a specimen reconstituted with a saturated NaCl solution,
one prepared with cyclohexane and the curves relative to dry material. The figure shows that:

a. ata given initial void ratio the behaviour of the material prepared with cyclohexane is very
similar to that of the dry material. It is worth noting that the two pore fluids have similar
static dielectric constant;

b. the compression curves of both cyclohexane-saturated and dry materials intersect the
normal compression lines of the material reconstituted with aqueous solutions, clearly in-
dicating an increase in shear resistance at the particles’ contacts;
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¢. swelling is noticeable in water, it is much lower in the solution and practically negligible
for the material in cyclohexane and for dry material.
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Figure 10. Comparison among oedometer curves relative to the Ponza bentonite (a) and the Bisaccia
clay (b) dry, and reconstituted with distilled water, saturated NaCl solution and cyclohexane.

A behaviour qualitatively similar to that of the Ponza bentonite is exhibited by the Bisaccia

and Marino clays (Figures 10.b and 11.a respectively), with the effects decreasing as the smectitic
percentage decreases. Contrarily to the other materials, the slope of the compression curve of
kaolin reconstituted with cyclohexane is slightly higher than that obtained by using aqueous
solutions (Figure 11.b).
The differences are best seen in Figure 12 which reports the compression index C, - evaluated for
an increment of axial stress from 150 kPa to 300 kPa - against static dielectric constants of the
considered pore fluids. It can be observed that the dependence of C, on D is very strong. Fur-
thermore, it can be observed that differences among the different materials become noticeable for
values of D higher than about 70. Analogous trend can be observed for the swelling index C,
(Figure 13). Figure 14, which reports C.* against ¢, for the considered soils reconstituted with
water, with the NaCl solutions and with organic solvents, compares these results to those re-
ported by Burland (1990) and to the line C.* = 0,256¢; — 0,04 found by the Author as the best
fit regression line to data reported in the literature. The point relative to the Ponza bentonite
reconstituted with distilled water has not been reported because it is out of the range of validity
of the relation (which holds for 0.6 < e, < 4.5), and in fact it would lie well above the regres-
sion line. The figure shows that there is a good agreement among data obtained by mixing
different materials with distilled water and those obtained by mixing the same material with
otherpore fluidssSoythe staterof thexmaterials at the liquid limit can be considered
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Figure 11. Comparison among oedometer curves relative to the Marino clay (2) and the commercial
kaolin (b) dry, and reconstituted with distilled water, concentrated NaCl solution and cyclohexane.
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Figure 13. Swelling index C; in the range 150 kPa - 300 kPa against pore fluid static dielectric constant.
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Figure 14. Intrinsic compression index C.* = e*;99 — e *;9p9 against void ratio e; at the liquid limit.

ol LN ZJL?H




12 C. Di Maio

Table 2. Intrinsic compression index C.* = e*;,, — e*;5p against void ratio e, at the liquid limit.

Ponza bentonite Bisaccia clay
eL c* €L C*
distilled water 10.8 3.80 3.06 1.05
0.5 M NaCl 1.97 0.45
0.6 M NaCl 343 0.85
1 M NaCl 2.70 0.59 1.77 0.48
sat. NaCl solution 1.77 0.42 1.41 0.37
ethanol 1.61 0.42
cyclohexane 2.09 0.33 1.03 0.19

as a reference state also in the case of pore liquids different from water. Data relative to Ponza
bentonite and Bisaccia clay are reported by Table 2.

A high influence of mineral and pore fluid composition is observed also on time trend of vo-

lume change. The influence of mineral composition is best seen on water-saturated materials. The
coefficients of consolidation ¢, and swelling ¢, - determined on the experimental curves of dis-
placements by the log-time method based on the Terzaghi model - are reported against axial stress
in Figures 15 and 16 respectively for the extreme types of soils, bentonite and kaolin, and for their
mixtures at various percentages. For bentonite contents equal to 50% and 80%, the curves are
very close to that of 100% bentonite; furthermore, c, decreases with axial stress increasing. For
bentonite percentages equal to or lower than 20%, c, and ¢, increase with decreasing bentonite
content, as expected on the basis of previous experimental results (among others: Yin, 1999), and
increase with axial stress. The results obtained for the Bisaccia and Marino clays show that the
values of ¢, and ¢; are close to those relative to the bentonite — kaolin mixtures containing similar
percentages of montmorillonite (Di Maio et al. 2003).
The influence of pore solution concentration on ¢, and ¢; is noticeable in all the considered stress
range (Figure 17). The difference between the material reconstituted with distilled water and that
reconstituted with 1 M NaCl solution is of about two orders of magnitude in the case of the
Ponza bentonite, lower for the Marino clay. The Bisaccia clay behaves similarly to the Ponza
bentonite, whereas no influence was found for kaolin. For all the materials prepared with the
organic fluid, consolidation occurred in a few seconds. Only under the highest stress levels for the
Ponza and Bisaccia clays ¢, could be determined by the log-time method, and a value of 0.015
cm’/sec was obtained. This value is much higher than that obtained for the materials reconstituted
with aqueous solutions.
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Figure 15. One-dimensional coefficient of consolidation ¢, against axial stress for bentonite-kaolin mix-
tures reconstituted with distilled water and for the Bisaccia and Marino clays. Curves a and b were
determined by Robinson and Allam (1998) for a montmorillonite and a kaolinite respectively.
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Figure 16. One-dimensional coefficient of consolidation ¢, against axial stress for bentonite-kaolin mixtures
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Figure 17. One-dimensional coefficients of consolidation ¢, and swelling ¢, against axial stress for the
Ponza bentonite reconstituted with distilled water, with NaCl solutions and cyclohexane.

Under the hypothesis of the Terzaghi model of one-dimensional consolidation, a first ap-
proximate value of the hydraulic conductivity k in the axial direction can be obtained from the
relation ¢, = kE.4/v,,. Figure 18 reports k against void ratio for the considered soils and for mix-
tures bentonite-kaolin with a given percentage of bentonite. As expected, differences up to four
degrees of magnitude are found between kaolin and bentonite; 10% bentonite is sufficient to
cause large decrease in permeability with respect to kaolin; the values obtained for the Bisaccia
clay and for the Marino clay are very close to those obtained for the artificial mixtures with a
similar percentage of montmorillonite. It is interesting to observe that variations due to pore fluid
are of the same order of magnitude as those due to mineral composition and grain size. In the case
of the Ponza bentonite reconstituted with cyclohexane, the value of k is practically equal to that
obtained for kaolin at the same void ratio (Figure 19). Furthermore, analogous variations are
found in terms of intrinsic permeability.
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Figure 18. Hydraulic conductivity against void ratio of bentonite-kaolin mixtures and of the Bisaccia and
Marino clays reconstituted with distilled water.
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5 Conclusions

Oedometric compression experiments are presented with different basic skeleton minerals,
different smectite contents, and finally different pore fluids. Compressibility and unloading
moduli in one -dimensional strain states, as well as the initial void ratio, are the study focus.
The results show that:

a) Volume change behaviour of artificial mixtures and natural soils reconstituted with distilled
water is strongly influenced by mineral composition and, in particular, by the smectite fraction.
The influence depends on the stress level. With increasing axial stress, the influence on compres-
sion and swelling indices decreases, whereas it increases on the coefficients of consolidation
and swelling,

b) An increase in pore solution concentration makes the materials compressibility decrease
and the coefficients of consolidation and swelling increase, with the exception of ¢, at low stress
levels and for high smectite content. The differences among the different materials reduce greatly.

c¢) The materials prepared with cyclohexane behave more similarly to the dry ones than to
those prepared with aqueous solutions. Compressibility is much lower, the coefficient of con-
solidation increases dramatically and swelling is negligible in the whole considered stress
range.

d) The great differences in behaviour among different clayey soils are essentially due to
their different interaction with water or with high dielectric constant fluid.

Further experimentation with fluids different from water but with the same dielectric con-
stant - or with dielectric constant higher than 80 - is now under examination in order to
complete the analysis.
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Abstract. This paper reports experimental results relative to volume changes caused by
exposure of clay soils to fluids different from the pore fluid. Furthermore it reports some
results relative to the influence of pore fluid composition on the swelling pressure of an ac-
tive smectitic clay. The experimentation on volume change behaviour was carried out on
several clay soils with different grain size distribution and mineral composition. The results
show that exposure of water saturated Ponza bentonite to NaCl, KCl and CaCl, solutions
causes consolidation. At high void ratio, pores and fissures form. On re-exposure to water,
Na* effects are reversible and the material swells noticeably. On the contrary, Ca* and K*
make swelling potential decrease greatly because they substitute Na" as counterions. Under
low values of axial stress and high void ratio, potassium and calcium effects can be re-
verted by exposing the material to concentrated NaCl solutions. The effects of exposure to
electrolytes of soils with a smectite content between 10 % and 30 % - such as Bisaccia,
Gela and Marino clays - are lower than those on the Ponza bentonite, however they are no-
ticeable. Furthermore, depending on axial stresses, type of solution and on types of
exchangeable cations, swelling caused by subsequent exposure to distilled water can be
lower or higher than previous consolidation. The commercial kaolin, the Potenza and the
Villa d'Agri clays undergo small consolidation as an effect of exposure to the salt solution
and further large consolidation because of subsequent exposure to water. The Milazzo clay
undergoes swelling because of exposure to NaCl solution. The resuits relative to volume
change can be interpreted qualitatively in terms of double layer processes, ion exchange
and initial fabric. Results relative to swelling pressure show that Bolt’s model interprets
satisfactory the behaviour of the Bisaccia clay reconstituted with a concentrated salt solu-
tion and exposed to distilled water. As expected, the model interprets only qualitatively the
behaviour of the material exposed to concentrated salt solutions.

1 Introduction

Exposure of active clays such as smectites to fluids with ion concentration higher or — in
the case of organic fluids — dielectric constant lower than that of the pore fluid, can cause vol-
ume decrease (Mitchell et al., 1973; Barbour and Fredlund 1989; Sridharan, 1991; Di Maio,
1996a; 1996b). During the chemically induced volume change, fissures and cracks can open
and permeability can increase greatly, notwithstanding the overall volume decrease (Barbour,
1987). This process can occur in clay barriers of waste disposal systems as an effect of the
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interaction with leachates. It often occurs in bentonite layers used as “impermeable” protection
to retaining walls, probably as an effect of chemical interaction with concrete calcium ions.

On exposure to water, active clays exhibit tendency to swell. Chemically induced swelling
depends on the composition of the clay, on the composition of the pore fluid, on void ratio and
stress level. At low stress level, swelling caused by exposure to water of clays reconstituted
with a concentrated salt solution can be extraordinarily high. Some experimental results rela-
tive to marine origin clay shales show that interaction with rain water is the most probable
cause of the large difference in water content and shear strength between the upper layer,
which is often a few meters thick, and the underlying material (Di Maio and Onorati, 2000a;
2000b).

Swelling pressure can be defined as the pressure required to keep a soil element at constant
volume, when hydraulic or chemical conditions are such as to induce a tendency to volume
increase. In actual applications, swelling pressure is a very important parameter for the design
of structures interacting with swelling soils and rocks. It must be evaluated in order to prevent
damage to tunnels and to any stiff support of excavation surfaces, as well as in order to design
safe shallow foundations, both in the case they are designed to resist differential movements
and in the case they are designed to adjust to them by means of flexible construction (Abdul-
jauwad et al., 1998). Furthermore, in order to prevent opening of cracks and fissures, high
swelling pressure must be a property of materials constituting impermeable barriers. Exposure
to a fluid whose ionic force is lower or whose dielectric constant is higher than that of the pore
fluid is among the possible causes of high swelling pressure.

This paper reports experimental results relative to volume changes caused by exposure of
clay soils of different composition to fluids different from the pore fluid. Some results relative
to the influence of pore fluid composition on swelling pressure are also reported.

2 Materials and Methods

The experimentation was carried out on several different soils. The Ponza bentonite, Bisaccia
and Marino clays, and the commercial kaolin are described in the companion paper on the influ-
ence of pore fluid composition on volume change behaviour of clays exposed to the same fluid as
the pore fluid. Besides these soils, a very active commercial bentonite was also tested, with a clay
fraction higher than that of the Ponza bentonite (Figure 1). Some tests were carried out on the
Gela, Villa D’ Agri, Milazzo and Potenza soils. The liquid limits of the four latter soils are: 149 %,
53 %, 58 % and 30 % respectively; their clay fractions: 73 %, 38 %, 45 %, 25 %. The liquid limit
of the commercial bentonite was evaluated by mixing the air-dried powder with different salt
solutions at various concentrations and with HCI solutions at various pH. The results show that
w, decreases dramatically with the molarity of all the considered solutions (Figure 2). MgCl, and
CaCl, solutions effects seem to be higher than those of NaCl and KCl solutions. It is interesting to
observe that HCI effects are similar to those of the first two solutions up to 0.32 M which corre-
sponds to pH =0.5.

Reconstituted materials were prepared by mixing the powdered soils with a given fluid to a
slurry at about the liquid limit. Volume change response of exposure to fluids different from the
pore fluid was evaluated in the course of fixed-ring oedometer tests. The specimens (2 cm thick)
were first consolidated to fixed axial stress, doubling the pressure for successive loads. Subse-
quently they were exposed to a given fluid by replacing the cell fluid. Swelling pressure was
evaluated by using Geonor continuous oedometer swelling equipment in a strained controlled
manner, and by means of conventional oedometers with controlled axial load.
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3 Chemically induced volume changes

The results relative to the Ponza bentonite are easier to interpret than those relative to the other
considered soils. In fact, since it is a practically pure Na-montmorillonite, exposure to NaCl solu-
tions doesn’t cause that negligible ion exchange and thus it is possible to analyse separately the
influence of pore solution concentration. The behaviour of the other natural soils is more complex
because their clay minerals are heteroionic and exposure to a salt solution generally causes also
ion exchange.

So, the results relative to the Ponza bentonite and some results relative to the commercial ben-
tonite will be analysed first, and then those relative to the other soils.

3.1 Bentonite

3.1.1 Exposure to salt solutions. The technical literature reports several experimental results
relative to the effects of such exposure (among others: Barbour and Fredlund, 1989; Di Maio,
1996a; 1996b; 1998). As an example, Figure 3 reports compressive volumetric strains against
time for a specimen of the Ponza bentonite prepared with water at the liquid limit. The curve on
the left represents consolidation for an increment of axial stress from 20 kPa to 40 kPa. Once the
equilibrium had been reached, the cell water was substituted by a saturated NaCl solution. This
substitution produced further consolidation, represented by the curve on the right of the arrow.
Pore pressure measurements showed that this compression occurred under constant Terzaghi’s
effective stresses; so, in terms of void ratio e against log ¢, it is a straight line normal to the
abscissa. As axial stress increases and initial void ratio decreases, consolidation caused by expo-
sure to the salt solution decreases (Figure 4).

Effects analogous to those caused by NaCl solution are caused also by other salt solutions
(Figure 5) or by other fluids with more complex composition (Figure 6). In order to observe
directly the process occurring during chemically induced consolidation, a specimen was
mounted in a transparent oedometer and observed during exposure to a 1 M CuSQ, solution.
During the chemical consolidation, the specimen shrank and large pores and fissures were
observed to form (Figure 7). This process was observed in laboratory under values of axial
stress lower than 80 kPa on normally consolidated Ponza bentonite. Obviously, such an effect
makes permeability increase greatly. For higher stresses, the phenomenon does not occur, at
least at a macroscopic level, and at least in times of laboratory tests.

3.1.2 Re-exposure to distilled water. In order to test the reversibility of salt effects, when
equilibrium was reached under the new conditions imposed by the electrolytes, the specimens
which had been previously exposed to salt solutions, were re-exposed to distilled water. Such
exposure caused noticeable swelling of the material which had been previously exposed to
NaCl solution. On the contrary, it caused much lower effects on the materials which had been
exposed to KCl and CaCl, solutions.

Figure 8 refers to a water saturated specimen of the Ponza bentonite that had been previously
consolidated in oedometer at 40 kPa, and then exposed alternately to salt solutions and to wa-
ter. After seven cycles of exposure to a saturated NaCl solution and to water, the specimen was
exposed to a saturated KCl solution. Under these new conditions, exposure to water, which
followed the chemical consolidation, caused a much lower swelling than during the previous
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cycles. Analogous swelling behaviour was exhibited in the second cycle of exposure to KCl
solution and then to water. Afterwards. the specimen was exposed to a saturated NaCl solution
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Figure 3. Mechanical consolidation and consolidation caused by exposure of the Ponza bentonite to a
saturated NaCl solution.
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Flgure 4. One- dlmenswnal compression curves of the Ponza bentonite reconstituted with distilled water,
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Figure 6. Consolidation of the Ponza bentonite caused by exposure to a common waste disposal leachate.
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Figure 7. Ponza bentonite after exposure to a 1 M CuSOy solution.

and then to water. The latter exposure caused a very large osmotic swelling, close to that ob-
tained before using KCl, thus showing that K" effects can be reverted by imposing
appropriate conditions. Analogous behaviour was manifested by the material after exposure to
CaCl,. Exposure to water after the osmotic consolidation did not cause any volume increase.
Subsequent exposure to a saturated NaCl solution caused a further small consolidation, and the
following exposure to water caused large swelling. This behaviour, which can be reasonably
considered as an indirect evidence of the occurrence of ion exchange, has been observed also
on other smectitic soils.
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Figure 8. Consolidation caused by exposure to salt solutions and swelling caused by exposure to distilled
water of a specimen of Ponza bentonite reconstituted with distilled water (Di Maio, 1998).
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3.1.3 Influence of stress level and stress history. Figure 9 refers to two specimens of the Ponza
bentonite reconstituted with distilled water. The specimens were one-dimensionally consolidated
under axial stresses equal to 40 kPa and 960 kPa respectively. At equilibrium, they were exposed
to a concentrated NaCl solution. Such exposure caused volume decrease. At equilibrium, the
specimens were exposed to distilled water: this caused swelling. The figure shows that osmotic
consolidation decreases with axial stress increasing (i.e. with void ratio decreasing). Furthermore,
swelling is practically equal to the previous chemically induced consolidation at low axial stress,
it is lower under higher values of axial stress.

However, if the material that undergoes osmotic consolidation at the higher external axial
stresses is unloaded and then re-exposed to distilled water, swelling becomes such as to reach
the swelling curve of the water-saturated material. This is shown by Figure 10 which reports
the results of oedometer tests on four specimens of the Ponza bentonite. Specimen a was re-
constituted with distilled water at about the liquid limit and immersed in distilled water.
Specimen b was reconstituted with a saturated NaCl solution at the liquid limit evaluated with
the same solution and immersed in it. Specimens ¢ and d were prepared as specimen a and,
after consolidation at 1500 kPa and 40 kPa respectively, they were exposed to a saturated
NaCl solution, by simply replacing the cell fluid. Such exposure caused consolidation repre-
sented by straight lines normal to the abscissa. At equilibrium the specimens were loaded and
then unloaded. After swelling at 40 kPa and at 20 kPa respectively, specimens ¢ and d were
exposed to distilled water again. This produced an increase in void ratio which made the speci-
mens reach the swelling curve of specimen a. It is interesting to observe the behaviour of
specimens with different load history. Figure 11 reports the results relative to a specimen of the
Ponza bentonite which was exposed to the saturated NaCl solution under low void ratio, while
on a re-compression curve. It was loaded up to 1200 kPa, unloaded until 10 kPa and then re-
loaded. At 300 kPa the specimen was exposed to a saturated NaCl solution and this caused
consolidation. At the end of consolidation, the specimen was exposed to distilled water and
water was continuously renewed in order to remove ions which could have diffused from the
pore solution. In this case, swelling was practically equal to previous consolidation.

t (min) t (min)

0.E+00 4.E+04 8.E+04 0.E+00 4.E+04 8.E+04

exposure to NaCl

ev %

exposure to water
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Figure 9. Consolidation caused by exposure to salt solutions and swelling caused by exposure to distilled
waterof-a;specimenjof the;Ponzasbentonite reconstituted with distilled water.
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Figure 10. Consolidation caused by exposure to saturated NaCl solution and swelling caused by expo-
sure to distilled water of the Ponza bentonite (Di Maio, 1996).
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Figure 12. Coefficient of consolidation against axial stress for the Ponza bentonite reconstituted with
water or saturated NaCl solution, and for the material reconstituted with water and subsequently exposed
to the solution

Exposure to saturated salt solution causes noticeable consolidation, however the equilib-
rium condition doesn’t reach the compression curve of the material prepared directly with the
solution, clearly indicating a strong role of initial fabric. The influence of initial fabric is very
strong also on the coefficient of consolidation. In fact, the coefficient of consolidation after
exposure to the salt solutions is close to that of the material in water and it is very different
from that of the material prepared directly with the solution (Figure 12).

3.1.4 Influence of ion concentration. A set of water saturated specimens of the Ponza bentonite
was consolidated to 80 kPa and, at the end of mechanical consolidation, each specimen was ex-
posed to a NaCl solution at a given molarity. Figure 13, which reports the results in terms of
volumetric strains against the solution molarity, shows that chemical consolidation increases with
increasing ion concentration. The largest variations occur in the range 0 — 0.5 M.

After consolidation due to exposure to the salt solutions, the specimens were re-exposed to
distilled water. Figure 13 reports the results in terms of absolute values of volumetric strains legl
during swelling. The comparison with volumetric strains due to previous consolidation shows that
the difference between consolidation and swelling slightly increases with increasing solution
molarity.

The influence of ion concentration has been analysed also with reference to HCI solutions.
Four specimens of the commercial bentonite were reconstituted with distilled water at the liquid
limit, compressed up_to 80 kPa while submerged in distilled water. At the end of mechanical
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consolidation, three specimens were exposed to HCI solutions at pH = 4; 2 and 0.5 respectively.
The solution at pH = 4 did not cause but a slight tendency to swell followed by a negligible con-
solidation. With pH decreasing, both volume change and rate of consolidation increase (Figure
14). The test relative to pH = 0.5 was interrupted after about 3 days because some iron element
of the apparatus started to be corroded. pH = 0.5 corresponds to 0.3 M HCI. The comparison with
the consolidation curve obtained for the fourth specimen which was exposed to a 0.3 M NaCl
solution shows that, at this molarity, HCI effects are higher than those of NaCl.
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Figure 13. Volumetric strains of the Ponza bentonite caused by exposure to NaCl solutions.
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Figure 14. Consolidation of the commercial bentonite caused by HCI solutions at different pH and by
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3.2 Natural soils

Let’s consider now the effects produced by exposure to salt solutions of natural soils with a
clay fraction lower than that of the Ponza bentonite, with different clay minerals and different
types of exchangeable cations.

Some specimens of the considered soils were reconstituted at about the liquid limit with
distilled water and, after consolidation at 40 kPa, they were exposed to a saturated NaCl solu-
tion, by simply replacing the cell water. Exposure to the electrolyte produced noticeable
volume decrease of the Bisaccia and Gela clays (Figure 15); smaller volume decrease for the
Marino clay (Figure 16); negligible effects on the Villa d'Agri and Potenza clays (Figure 17)
and on the commercial kaolin (Figure 18). At equilibrium, the cell solution was replaced by
distilled water. Continuous water renewal produced swelling of the Bisaccia and Gela clays
slightly higher than the previous consolidation. In the case of the Marino clay, swelling was
much higher than consolidation. So, this specimen was exposed to NaCl solution again and, at
the end of consolidation, to distilled water. During this second cycle, consolidation caused by
exposure to the electrolyte was higher than in the first cycle and subsequent swelling due to
exposure to distilled water was practically equal to the previous consolidation. The Potenza
and the Villa d'Agri clays behaved differently from the above materials. They underwent
small consolidation after exposure to the salt solution and a larger consolidation after the sub-
sequent exposure to water (Figure 17), as in the case of the commercial kaolin (Figure 18). The
behaviour of this latter was similar to that reported by Sridharan and Ventakappa Rao (1973)
for a kaolin that was prepared with CCl4 and that underwent osmotic consolidation because of
an inward flow of water, that is, because of an increase in the dielectric constant of the pore
fluid.

Once equilibrium after exposure to water was attained, the Bisaccia, Gela and Marino clays
were exposed to saturated KCl solution (Figures 15, 16 and 17). This exposure produced a con-
solidation similar to that previously produced by NaCl. Then the specimens were exposed to
distilled water again. The continuous water renewal produced swelling which, as expected, was
much smaller than consolidation.
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Figure 15. Consolidation of the Bisaccia and Gela clays caused by exposure to saturated NaCl and KCl
solutions and swelling caused by exposure to distilled water.
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Figure 16. Consolidation of the Marino clay caused by exposure to saturated NaCl and KCl solutions
and swelling caused by exposure to distilled water.
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Figure 17. Consolidation of the Potenza and Villa d’Agri clays caused by exposure to saturated NaCl
solution and then to distilled water.
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Figure 18. Consolidation of kaolin caused by exposure to saturated NaCl solution and further consolida-
tion due to exposure to distilled water.

Other reconstituted specimens of the Bisaccia and Gela clays were exposed to concentrated
salt solutions during normal compression and subsequently to distilled water during unloading.
Figure 19 shows the results obtained for two specimens of the Bisaccia clay reconstituted with
water at about the liquid limit and initially immersed in water. One of them was tested in the
conventional way, the other was consolidated to 40 kPa and subsequently exposed to a satu-
rated NaCl solution. This exposure produced consolidation represented by the straight line
normal to the abscissa. In the subsequent compression, the specimen exhibited lower com-
pressibility than the water-saturated specimen. Swelling due to unloading was practically
negligible. Once equilibrium at 40 kPa had been reached, the specimen was exposed to water
which was continuously renewed: this caused swelling. Subsequent unloading produced fur-
ther noticeable swelling. Differently from the Ponza bentonite, void ratio after exposure to
distilled water of the material which had interacted with the electrolyte was much higher than
that of the material which had never interacted with it. Results obtained for other specimens
show that the swelling curve subsequent to exposure to distilled water is unique. A series of
specimens was reconstituted with 1 M NaCl solution. The specimens were initially compressed
while submerged in the same solution, then they were exposed to distilled water under differ-
ent values of axial stress while in the unloading phase. On subsequent unloading, carried out
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during exposure to distilled water, the swelling curves of the different materials were practi-
cally coincident (Figure 20).

Figure 21 shows the results relative to the Gela clay exposed to saturated solutions of NaCl
and KCl. It can be seen that on re-exposure to distilled water, the specimen which had been
previously exposed to NaCl swells much more than the specimen exposed to distilled water
for the whole duration of the test. On the contrary, the specimen which had been exposed to
KCl swells similarly.

The Marino clay underwent tests slightly different from those carried out on the other
clays. Two specimens were prepared with and immersed in distilled water. They were loaded
up to 5000 kPa, afterwards, specimen a was unloaded conventionally, while specimen b,
once at equilibrium at 500 kPa, was exposed to a 35g/1 NaCl solution (average NaCl concen-
tration in sea water). Such exposure produced negligible consolidation, because of the low
values of the actual void ratio. However, it caused a decrease in Cg on subsequent unloading
(Figure 22).

Exposure to concentrated salt solutions doesn’t always cause consolidation, as shown by
Figure 23 relative to the Milazzo soil. The clay underwent small swelling because of exposure
to water subsequent to consolidation induced by KCIl. However, the subsequent exposure to
NaCl produced consolidation first, and then noticeable swelling. As it will be discussed in the
5™ paragraph, this behaviour is probably the effect of two processes: counterion substitution
and delayed ion diffusion into the intra-aggregates' pores.

The materials prepared with cyclohexane behave very similar to dry materials, and the
compression curves of both cyclohexane-saturated and dry materials intersect the normal com-
pression lines of the material reconstituted with aqueous solutions, clearly indicating an
increase in shear resistance at the particles’ contacts. When a dry material is exposed to an
aqueous salt solution, two phenomena can occur simultaneously: hydration of clay particles
and double layer formation, and decrease of shearing resistance at particles’ contacts. If the
first phenomenon prevails, then the material swells. On the contrary, if the latter phenomenon
prevails, then the material compresses. In the case of the Bisaccia clay (Figure 24), exposure to
a saturated NaCl solution causes swelling if the material is exnosed when the condition
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Figure 19. Consolidation of the Bisaccia clay caused by exposure to saturated NaCl solution
and swelling caused by exposure to distilled water.
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Figure 20. Effects of exposure to distilled water at several different axial stresses on the
unload-ding curve of the Bisaccia clay reconstituted with 1 M NaCl solution.
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Figure 21. Consolidation caused by exposure to saturated solutions of NaCl and KC1 and swelling
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Figure 22. Ettects of exposure to a saturated NaCl solution on the swelling behaviour of the
Marino clay reconstituted with distilled water.
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Figure 23. Consolidation of the Milazzo clay caused by exposure to saturated NaCl and KCl solutions
and swelling caused by exposure to distilled water and to the NaCl solution.
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Figure 24. Effects of exposure of dry Bisaccia clay to saturated NaCl solution.

in terms of void ratio and axial stress lies on the left of the intersection. The material consoli-
dates if its conditions before exposure to the solution are on the right of the intersection. So, in
this case, the decrease in shearing resistance is the prevailing phenomenon.

3.3 Undisturbed materials

The behaviour of undisturbed materials is greatly influenced by the composition of the
fluid to which they are exposed. Figure 25 refers to an undisturbed specimen of the Bisaccia
clay. The specimen was immersed in water and was loaded by increments up to 8000 kPa.
Afterwards it was exposed to a saturated NaCl solution and, after consolidation, it was ex-
posed to distilled water again, water being continuously renewed. After small swelling, the
specimen was unloaded until 1200 kPa (it can be seen that the swelling curve has a trend simi-
lar to that obtained for reconstituted specimens and it shows an increase of Cg with OCR).
Under an axial stress of 1200 kPa, the specimen was exposed to a saturated NaCl solution (the
consequent consolidation is represented by line CD). Afterwards it was unloaded until 600
kPa and, once equilibrium was reached, it was exposed to water, which was continuously
renewed. This exposure produced the osmotic swelling represented by the straight line EF.
On subsequent unloading, the swelling curve took on the same trend as it had before the expo-
sure to the solution. Under an axial stress of 40 kPa, a noticeable extrusion made it necessary
to suspend the test. As in the case of reconstituted specimens, swelling was strongly reduced
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Figure 25. One-dimensional compression and swelling curves of the Bisaccia clay reconsti-
tuted with and immersed in distilled water, and of the undisturbed material exposed alternately
to distilled water and saturated NaCl solution (Di Maio and Fenelli, 1997).

by exposure to the electrolyte: only the subsequent exposure to water allowed for noticeable
swelling.

Figure 26 reports the oedometer curves of two couples of undisturbed specimens of the Bisac-
cia clay, coming from two different samples: C1, taken at about 2.5 m from the ground level , and
C5bis, taken at about 21 m. A specimen of each couple underwent oedometer test in a bath of 1
M NaCl solution, and the other in a bath of distilled water. It can be seen that the specimens ex-
posed to water experienced much higher swelling than those exposed to the NaCl solution. In
particular, exposure to distilled water allowed specimen C5bis to reach void ratio close to that of
the undisturbed material close to the ground surface. A first simplified analysis of the in situ
conditions seems to show that the high water content of the upper soil was probably achieved by a
similar type of swelling caused by exposure of the marine origin clay to rainwater (Di Maio and
Onorati, 2000a; 2000c).

4 Swelling pressure

Swelling pressure was evaluated by means of a continuous swelling equipment which works in
strain controlled manner, and by means of conventional oedometers with controlled axial load.
Both reconstituted and undisturbed materials were tested (Di Maio, 2001).

Figure 27 reports the results relative to the Bisaccia clay reconstituted with a 1 M NaCl solu-
tion and compressed in the triaxial cell to p’n. = 230 kPa. A specimen was exposed to
distilled water in the course of swelling pressure measurement and the other to the salt solu-
tion... The figure shows.a large difference between the equilibrium values. Furthermore, the
time of the process is highly dependent on the composition of both the pore liquid and the
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liquid the clay is exposed to. In particular, the time required by the specimen prepared with and
exposed to the salt solution is much shorter than that relative to the specimen exposed to water.
The procedure used in reconstituting the former specimen was such as to minimise ion ex-
change and ion diffusion. So, in this case, the time required to reach equilibrium is intrinsic to
the process. In the case of the specimen reconstituted with the salt solution and exposed to
distilled water, it seems reasonable to hypothesise that the process length is due to slow ion
diffusion from the pores to the cell water caused by ion concentration gradients. As ions dif-
fuse, the repulsive interparticle forces increase and, consequently, swelling pressure increases.

The influence of the composition of the liquid the clay is exposed to is even stronger in the
case of the undisturbed material, as shown by Figure 28 which reports swelling pressure
against time for two undisturbed specimens of a sample taken at a depth of 21 m below ground
level. The specimen immersed in a bath of distilled water exhibited a value of swelling
pressure as high as 930 kPa. On the contrary, the specimen exposed to 1 M NaCl solution
reached a value of about 60 kPa. Under the conditions indicated by the arrow, the cell solution
of the latter specimen was substituted with distilled water. This caused a large increase in
swelling pressure. It is worth noting that such an increase is due only to variations in
physicochemical conditions.

Swelling pressure can be considered as the difference between the osmotic pressure in the
central plane between two particles and the osmotic pressure in the equilibrium bulk solution. An
equation that allows for the evaluation of osmotic pressure in terms which are convenient for
geotechnical purposes was derived for saturated clay by Bolt (1956), under the hypothesis of
validity of the Gouy-Chapman model, parallel flat clay particles, validity of van’t Hoff’s rela-
tion.
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Figure 26. One-dimensional compression and swelling curves of undisturbed Bisaccia clay exposed to a
concentrated NaCl solution and to distilled water.



Consolidation, Swelling and Swelling Pressure Induced by Exposure of Clay Soils to... 39

350
—o— distilled water 38
300 1 - IM NaClsolution vf
250 A ]
z
2 200 - cell water renewal e
N g
£ 150 - .
2 2
= 100 - o ad
50 o T
o* o
C
0 o ..'._004
0.001 0.01 0.1 1 10 100
t (days)

Figure 27. Swelling pressure against time for two specimens of the Bisaccia clay reconstituted with 1 M
NaCl solution. A specimen was exposed to the same solution and the other to distilled water.
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Figure 28. Swelling pressure agamst time tor two undisturbed specimens of the Bisaccia taken at a depth
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It is possible to relate void ratio to swelling pressure, for given values of the other parameters.
The solution is highly dependent on A, . For the considered material, 4, has been evaluated
through the empirical relationship found by Farrar and Coleman (1967):

wp =19+ 0.56 4;

where A, is expressed in m?/g. It is worth noting that the values are not very different from
those evaluated by an approximate method based on methylene blue adsorption (Di Maio et al.
2003). Flgure 29 compares experimental data to theoretical curves. The theoretical curves are
relative to 10> M, and to three values of specific surface. A, =114 m’/gand A =195 m’/g
are, respectlvely, the minimum and maximum value calculated for the undisturbed samples,
and 4 =134 m ’/g is the value calculated for the reconstituted material. For the other
parameters the following values have been considered: v =1, B = 10" cm/mmole; xo = 4/v A
(valid for montmorillonite); G, = 2.73.
Notwithstanding some exceptions, theory and experiment agree (Figure 29).
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Figure 29. Comparison between experimental results and the double layer model (Di Maio, 2001).

5 Discussion and Conclusions

When a water saturated clay is exposed to a salt solution, depending on the clay porosity,
electrolyte concentration and type of ions, it can behave as a semipermeable membrane that
allows for the outward flow of solvent but not for the inward diffusion of solute. As described
by Mitchell et al. (1973), and Barbour and Fredlund (1989), during the outward flow of water,
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negative pore fluid pressures develop within the specimen, and the corresponding increase in
effective stresses produces a decrease in volume. Mitchell (1991), while analysing data pro-
vided by Farrar and Coleman (1967), and by Barbour and Fredlund (1989), showed that
outward osmotic water flow may be significant only in very dense, low-porosity clays and in
dilute electrolytes. Conversely, the higher the void ratio and the larger the concentration of the
electrolyte, the more important is ion diffusion. The results relative to the Ponza bentonite
show that exposure of the water saturated specimens to the three concentrated solutions pro-
duced ion diffusion towards the pore fluid. Circumstantial evidence of this is provided by the
differences found on re-exposure to water between the effects of KCl and CaCl, (irreversible)
and those of NaCl (reversible). On re-exposure to water, Na" effects were shown to be reversi-
ble; on the contrary, where water substituted CaCl, or KCl solutions, the specimens did not
undergo that a negligible swelling, even after some months of continuous water renewal.

A diffuse double layer model can explain qualitatively the observed behaviour. Accord-
ing to the classical diffuse double layer theory (Gouy, 1910; Chapman, 1913), the thickness of
the double layer increases with ion concentration increasing. The thickness of the double layer
decreases also with increasing counterion charge. The Gouy-Chapman model cannot explain
the differences between Na* and K" effects because it considers ions as point charges. Accord-
ing to the Stern model (1924), the thickness of the double layer also decreases with decreasing
hydrated ion radius. Since the radius of K* is smaller than that of Na®, the thickness of a K-
montmorillonite double layer is smaller than that of Na-montmorillonite.

Potassium and calcium can be replaced by sodium by exposing the clay to concentrated
NaCl solutions, at least at high void ratio and low stress level (Di Maio, 1998). Several proc-
esses can account for the observed dependence on stress level, for instance diffusion itself
might develop differently. In fact, as the stress level increases, aggregates of particles could
form thus creating regions (intra-aggregate pores) where it would be difficult for ions to dif-
fuse.

The behaviour of smectitic clays such as Bisaccia, Gela and Marino clays is mostly qualita-
tively similar to that of the Ponza bentonite, although the effects are lower because of the
lower smectite content. The qualitative differences are fundamentally due to the existence of
different types of counterions. For low values of axial stresses, osmotic swelling is higher than
osmotic consolidation for two reasons. One reason could be that the clays' pore liquid normally
contains a certain amount of ions, although they were prepared with distilled water. During
exposure to distilled water these ions are removed together with those which have been made
to diffuse into the pore liquid, thus allowing for a larger swelling. The other reason is that,
because of its higher concentration, Na* could have replaced other counter-ions, for instance
Ca®* and K', thus giving the clay the possibility of a larger swelling as a consequence of
exposure to water.

The commercial kaolin and the Potenza and the Villa d'Agri clays behave differently: they
undergo small consolidation as an effect of exposure to the salt solution and a large consolida-
tion because of subsequent exposure to water. Since the used kaolin is composed mainly by
kaolinite and the other two clays are composed by illite and kaolinite, double layer is a small
percentage of their overall water volume. So, a decrease in the double layer thickness caused
by exposure to salt solutions doesn’t produce noticeable volume changes. Probably, exposure
to water makes resistance to particle movements decrease, thus allowing the external loads to
work further and to produce porosity reduction. This mechanism was hypothesized by Sridha-
ran and Ventakappa Rao (1973) for a kaolin that was prepared with CCl; and that underwent
osmotic consolidation because of an inward water flow.

The Milazzo clays underwent small swelling because of exposure to water subsequent to
consolidation induced by KCl. However, the subsequent exposure to NaCl produced consoli-
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dation first and then noticeable swelling. This behaviour is probably due to the presence of
particle aggregates. According to Barbour and Yang (1993), when a clay is exposed to a brine,
ions first diffuse into the interaggregate pores. This produces consolidation. Afterwards, when
ions diffuse into the intra-aggregates' pores, ion exchange can takes place. If Na" replaces Ca®*
and K*, an increase of the double layer thickness can occur.

Results relative to swelling pressure show that the Bisaccia clay is strongly influenced by
pore liquid composition and by the composition of the liquid the clay is exposed to. It is inter-
esting to observe that, in the case of reconstituted materials, Bolt’s model (1956) interprets
satisfactory the behaviour of the Bisaccia clay reconstituted with a concentrated salt solution
and exposed to distilled water. This probably depends on the fact that face-face particle ar-
rangement, which is a hypothesis of the model, is obtained in salt solution for smectite. As
expected, the model interprets only qualitatively the behaviour of the material exposed to
concentrated salt solutions.
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Shear Strength of Clays and Clayey Soils: the Influence of Pore
Fluid Composition
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Abstract. This paper reports experimental results relative to the influence of pore
fluid composition on the peak shear strength of the Bisaccia clay and on the resid-
ual shear strength of several different clayey soils: the Ponza bentonite,
commercial bentonite and kaolin, Bisaccia, Gela and Marino clays. Triaxial tests
were carried out on the Bisaccia clay reconstituted with distilled water and with a
1 M NaCl solution. Direct shear and ring shear tests were carried out on dry mate-
rials and on the materials reconstituted with distilled water, NaCl solutions at
various concentrations, cyclohexane. Some tests were carried out by using KCI
solutions, ethanol and ethylene glycol. The results show that pore fluid composi-
tion influences greatly both the peak and residual shear strength of smectitic soils,
even when the clay fraction is very low. The residual friction angle is about 5° in
distilled water, 15° in concentrated NaCl solution, and varies between 30° and 35°
for materials dry or prepared with cyclohexane. The residual friction angle is
strongly correlated to the static dielectric constant of the pore fluid.

1 Introduction

Shear strength of pure clays is strongly influenced by pore fluid composition (among others:
Kenney, 1967; Mesri and Olson, 1970; Sridharan, 1991; Mitchell, 1993, Di Maio, 1996a,
1996b). Furthermore shear strength of natural soils depends on clay fraction and clay compo-
sition. In particular, soils with clay fraction c.f. > 50% exhibit values of the residual shear
strength equal to those of their clay part (Lupini et al., 1981). For 25%<c.f.<50% results are
extremely scattered and strongly influenced by mineral and pore fluid composition. If the clay
component is constituted by minerals with high specific surface such as montmorillonite, and
the pore fluid is constituted by distilled water, then 25% - 30% c.f. is sufficient to make the
residual strength of a composite soil equal to that of its clay part (Di Maio and Fenelli, 1994).
Di Maio (1996a) reported data relative to some natural clays containing different percentages
of montmorillonite, reconstituted with distilled water and with saturated NaCl solution, show-
ing that the clays exhibit almost the same values of residual shear strength as the Ponza
bentonite - which is a practically pure montmorillonite - both in distilled water and in the salt
solution.

Natural state pore fluid is often a compound solution, hence the use of distilled water for
laboratory tests would be not appropriate. Anson and Hawkins (1998) briefly discussed the
implication for slope stability analysis of using deionised water in laboratory tests, suggesting
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that the difference between results calculated by back analysis and those obtained in laboratory
could be due, at least in part, to the use of deionised water. Besides its practical importance, an
analysis of the influence of pore fluid composition on shear strength is very important for the
elucidation of the shearing mechanism.

Generally, in the study of the influence of pore fluid composition on the behaviour of the
different types of soils, the effects of ionic aqueous solutions and those of organic solvents are
analysed separately. The purpose of this paper is to systematically examine shear strength
response of different soils at pore fluid variations, comparing the influence of “extreme” types
of pore fluids: water, salt solutions at various concentrations, organic solvents with different
dielectric constants and air.

2 Materials and Methods

The experimentation was carried out on the Ponza bentonite, Bisaccia, Gela and Marino clays,
a commercial kaolin provided by Igma srl (Sassuolo, Italy) and a commercial bentonite pro-
vided by Laviosa Chimica Mineraria SpA (Livorno, Italy). Particle size distribution curves of
the tested soils are reported by the companion papers on this volume. The same papers report
mineral composition, liquid limit evaluated by mixing the soils with NaCl solutions at various
concentrations, the liquid limit of the Ponza and Bisaccia clays evaluated also with cyclohex-
ane, ethanol and dimethylsulfoxide. The liquid limit of the commercial bentonite was
evaluated with different solutions including HCI solutions at various pH.

Peak shear strength was evaluated by means of common triaxial CU tests carried out on nor-
mally consolidated specimens of the Bisaccia clay reconstituted with distilled water and with 1 M
NaCl solution. The tests were carried out with constant cell pressure and with the axial stress
increased in a strain controlled manner, at a rate of 0.03 mm/min.

Residual shear strength was determined by use of the conventional Casagrande box and by the
Bishop ring shear apparatus. In the first case, for each value of axial stress, the specimens were
sheared back and forth until the minimum strength was obtained. For both cases, rates of dis-
placement in the range 0.001 — 0.005 were adopted. Various pore fluids were used: water, salt
solutions at various concentrations and three organic solvents: cyclohexane, ethanol and ethylene
glycol. Dry materials were also tested.

3 Results

3.1 Shear strength of normally consolidated Bisaccia clay

The influence of pore fluid composition on the peak strength value of normally consolidated
material was determined only for the Bisaccia clay. It is known that the intrinsic compression line
of this material is strongly dependent on the pore liquid composition. Figure 1 reports the one-
dimensional curves of void ratio against effective axial stress for the material reconstituted with
and exposed to dlstllled water and for the material reconstituted with and exposed to a 1 M NaCl
solution. Points A" represent the equilibrium cond1t1ons after isotropic normal consolidation for
three water-saturated specimens, and points B' for solutlon-saturated specnnens These specx-
mens underwent CU tests. The results of the tests, in terms of ¢’= ¢’,— ¢’, against p’ = (o', +
20’ )/3, show that the specimens reconstituted with the salt solution are characterised by much
higher values of shear strength than the specimens reconstituted with distilled water (Figure 2).
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Figure 1. Intrinsic one-dimensional compression lines of the Bisaccia clay reconstituted with water and
with a 1 M NaCl solution, and isotropic compression points of specimens which underwent triaxial tests.
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Figure 2. CU triaxial tests on normally consolidated specimens of the Bisaccia clay.
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Other tests were carried out in order to evaluate the influence on shear strength of the type
of test and of the composition of the fluid of the hydraulic circuits. Figure 3 compares the
results of CU tests to those of CD tests carried out on specimens reconstituted with 1 M NaCl
solution. The hydraulic circuits of the triaxial cell and the porous stones were saturated with
distilled water. It can be observed that shear strength determined by CU tests is higher than
that determined by CD tests. It is reasonable to hypothesise that, in the case of the CD test,
ions of the pore solution could have diffused towards external water, so making shear strength
decrease. This process could not occur in the case of the CU test. As a matter of fact, when the
hydraulic circuits of the triaxial cell and the porous stones are saturated with the same solution
as the pore solution, the differences between the two types of tests decrease greatly, as shown
by Figure 4 which compares the results of CU and CD tests which were carried out by saturat-
ing circuits and porous stones with a 1 M NaCl solution. The specimens, reconstituted with the
same solution, were consolidated to 800 kPa, and afterwards each of them was unloaded to a
given value of p’. At equilibrium, some specimens were sheared in drained conditions, with a
rate of axial displacement of 0.0015 mm/min, and some others in undrained conditions at a rate
of 0.03 mm/min. It can be observed that, in this case, the two types of tests furnish similar
results.

Peak values of strength are influenced by the different initial void ratios of the material re-
constituted with the two different fluids. In order to minimize the influence of initial fabric, it is
convenient to refer to the residual shear strength which is known to be independent of it.
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Figure 3. Results of CU and CD triaxial tests carried out on normally consolidated Bisaccia clay exposed
to distilled water (Di Maio and Onorati, 2000b).
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Figure 4. Results of CU and CD tests on the Bisaccia clay reconstituted with and exposed to 1 M NaCl
solution (Di Maio and Onorati, 2000b).

3.2 Residual shear strength

The materials were reconstituted with distilled water and initially sheared while immersed in
distilled water. In these conditions, the residual shear strength of all the considered materials was
found to be very close to that of the Ponza bentonite and lower than that of the commercial kaolin
(Figure 5). Once the residual shear strength had been reached, the cell water was replaced by a
saturated NaCl solution. This replacement did not cause any effect on kaolin behaviour, whereas
it caused a strong increase in the other soils’ shear strength. In particular, the Bisaccia and Gela
clays residual shear strengths are close to that of the Ponza bentonite, whereas the Marino clay
strength is close to that of the commercial kaolin. It seems reasonable to hypothesise that the
Marino clay behaviour depends on its low smectite content (about 10% in dry weight). When the
pore fluid is distilled water, the volume of the smectite component is sufficient to influence shear
strength, whereas, in the case of the concentrated salt solution, the smectite volume decreases
greatly and kaolinite particles probably interact directly.

For all the considered soils, the residual shear strength obtained after exposure of water satu-
rated materials to a saturated salt solution is equal to that obtained for the materials prepared
directly with the solution and submerged in it (Di Maio, 1996a; 1996b).

The influence of NaCl solution concentration on residual shear strength was determined on
specimens reconstituted with NaCl solutions at given concentrations and exposed to the same
solutions. The results show that as ion concentration increases, residual shear strength of smectitic
soils increases (Figure 6). The largest variations occur in the range 0 - 0.5 M, and only negligible
variations occur between 0.5 M and saturation. It is worth noting that the point at 0.1 M in Fig-
ure 6 was obtained for a specimen of the Bisaccia clay reconstituted with a solution similar to the
natural pore solution which had been previously analysed. The corresponding shear strength,
although much lower than the maximum, is higher than that obtained with distilled water.
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Figure 5. Residual shear strength against normal stress for the materials prepared with and exposed to dis-
tilled water and for the same materials after exposure to a saturated NaCl solution (Di Maio, 1996a).
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Figure 6. Residual shear strength under 6’ = 200 kPa against NaCl solution molarity.
of the considered materials are slightly higher than
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those exerted by NaCl, as shown by Figure 7 for the Bisaccia clay. Also the results relative to the
Ponza bentonite show that the effects of K* are slightly higher than those of Na* (Di Maio,
1996b).

Although the residual shear strength of smectitic soils increases dramatically as ion concentra-

tion increases, it is much lower than that the materials can exhibit with other pore fluids. This is
shown by further experimental results of direct shear tests and ring shear tests carried out on dry
materials and on the materials prepared with, and exposed to, organic fluids with low dielectric
constants. Testing is very difficult in these conditions and results rather dispersed. Apparently, the
irregularity of the shear surface is one of the main causes of the dispersion. So, often the tests
were interrupted and the specimens were cut manually in order to ensure the flatness of the shear
surface. Moreover, at the end of the test, the shear surface was carefully observed and only the
results relative to specimens with a regular planar surface were considered in the analysis. Figure
8 reports the results obtained for a specimen of the dry Bisaccia clay tested in the Bishop ring
shear apparatus under three different values of normal stress, at a rate of 0.001 mm/min. In the
course of the test, the specimen was exposed to ethanol and sheared further. The exposure caused
a noticeable decrease in strength with respect to the dry material.
This latter, in turn, behaved very similarly to the material prepared with and immersed in a non
polar organic fluid, cyclohexane, whose dielectric constant D=2 is very close to that of air. The
cohesion intercept being null, it is possible to interpret the results in terms of residual friction
angle @, . The strength parameter is about 30° for the Bisaccia clay prepared with cyclohexane
or dry, about 24° for the material prepared with ethanol, 15° for the material reconstituted with 1
M NaCl solution, about 5° in water!
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Figure 7. Residual shear strength against axial stress for the Bisaccia clay reconstituted with water, 1 M
NaCl and 1 M KCl solutions.
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An analogous experimentation was carried out on the Ponza bentonite. The results show that
the influence of pore fluid composition is very similar to that observed on the Bisaccia clay (Fig-
ure 10).

The increase in strength caused by an increase in pore solution concentration probably de-
pends also on the lower void ratio of the materials prepared with the electrolyte. Under the
considered stress level, void ratio of the material, either dry or in cyclohexane, is equal or higher
than that in the saturated salt solution. So, the increase in shear strength reasonably depends on a
particular particle aggregation or on an increase in shear resistance at the particles’ contacts. Such
an increase can be caused by an increase in electrodynamic attraction forces. These forces are
complex functions of the dielectric constant of the pore fluid as well as of the solid skeleton. The
dielectric constant, in turn, is a function of the frequency of electromagnetic fluctuations. How-
ever, to a first approximate analysis, all data can be analysed with reference to the pore fluid
static dielectric constant. Figure 11, shows that the ratio t,/c’, decreases with pore fluid static
dielectric constant increasing. The figure reports also the result relative to the Bisaccia clay ex-
posed to ethylene glycol. It can be observed that this result is consistent with the others in terms
of dielectric constant.

In this first experimentation, both aqueous ion solutions and organic solvents were used for D
< 75 and the results relative to the two types of fluids seem to be comparable. However, only
aqueous ion solutions were used for D higher than about 75. Further experimentation is now
under consideration with organic fluids with D > 75 in order to understand whether the results
relative to organic fluids can be compared to those of salt solutions also when these latter are
dilute.
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Figure 10. Residual shear strength against normal stress for the Ponza bentonite and the commercial ben-
tonite prepared with different types of pore fluid.
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pared with different types of pore fluid.

4 Conclusions

This paper compares the influence of “extreme” types of pore fluids: water, concentrated salt
solutions, organic solvents and air on several different soils. The results show that, with the
exception of the used kaolin, the other considered soils are noticeably influenced by pore fluid
composition. It is worth noting that soils containing small smectite percentages, such as the
Marino clay, exhibit the same residual shear strength as the Ponza bentonite which is a practi-
cally pure montmorillonite.

The residual friction angle of smectitic soils is about 5° in distilled water, 15° in concentrated
NaCl solution, and varies between 30° and 35° for materials dry or prepared with cyclohexane.
Furthermore, it is strongly correlated to the static dielectric constant of the pore fluid.

Pore fluid in nature is generally a dilute composite solution. The results reported in this paper
show that the largest variations of the residual shear strength of smectitic soils prepared with
NaCl solutions occur in the range 0 — 0.5 M. In particular, the residual shear strength evaluated on
the Bisaccia clay prepared with a solution similar to its natural pore solution is noticeably higher
than that obtained with distilled water.

Most of the clays we deal with formed in marine environment. In order to understand their
behaviour, it is important to take into account their original intrinsic properties which can be only
determined by using concentrated salt solutions. For instance, the comparison between results
obtained by using distilled water and those obtained by using concentrated NaCl solutions gives
an idea of the variations which would have occurred - and that can still occur - in marine origin
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clays as an effect of exposure to rainwater (Di Maio and Onorati, 2000a; 2000b; 2000c).
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Abstract This document deals with applications of mixture theory to the mechan-
ics of porous media, with particular reference to living tissues, ionised media and
finite deformation. The theory is built from first principles and the presentation is
worked out for first year master students. References to experimental work and to
applications are included.
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1 Water: a medium in which biology thrieves

There is no biological tissue which is not a mixture. By mixture we mean a composition
of different components - either miscible or immiscible - which move relative to one
another. This relative motion is vital to every living organism. The human body is a
structure that renews itself continually. In five years time every molecule of a human
body is replaced. To allow this fast pace of repair, diffusion and convection of waste
materials and nutrients are essential. A mayor component of biological tissues is water.
The fast pace of renewal of tissues is possible thanks to many factors, one of which being
the relative motion of solid, water and solutes within cells and tissues. The high water
content ensures easy diffusion of solutes. The description of this motion is obtained by
considering the behaviour of the total tissue as the sum of the behaviours of the individual
components of which the tissue is constructed, extended with terms that describe the
interaction between the different components. This is what we call mixture theory. The
application of mixture is by no means restricted to biology. engineering, several types
of mixtures exist: only gasses, only fluids, gasses and fluids (e.g. multiple phase flows),
or fluids and solids (flow through porous media). The theory of miztures describes these
types of systems. Because the theory of mixtures and its application to porous media have
applications to subjects very different from biological tissues, these notes are relevant for
geomechanics, polymer scientists, petroleum engineers and civil engineers as well.

2 The composition of biological tissues

The cell is the elementary building block of living organisms. The cells of multiple-celled
organisms are arranged in tissues to make it possible for the organisms to function ef-
fectively. One can distinguish 4 types of tissue [Guyton and Hall, 1993]: neural tissue,
epithelial tissue, muscle tissue, and connective and supportive tissue. In this book we
will consider the mechanical function of a selection of tissues. All tissues show a multiple-
component structure, consisting of a solid, in which at least one fluid is trapped. The
fluid is generally distributed over functionally distinct compartments: intracellular, ex-
tracellular, lymphatic system, arterial system, venous system, capillary compartment.
The fluid within each compartment has diffusing constituents whithin it, which play a
key role in many physiological processes. As an example we illustrate this in the in-
tervertebral disc (figure 1). The solid mainly consists of collagen structures, elastine
fibers and ionised large molecules, the proteoglycans. The fluid consists of water, in
which several substances are disolved, from low-molecular ions, larger molecules ( e.g.
albumine). The proteoglycans are constructed of glycosaminoglycans, linear polysaccha-
rides consisting of long strings of disaccharides (figure 2). Due to their size (molecular
weight 1-3 million), the proteoglycans are tangled up in a fiberstructure. Furthermore
they contain negatively charged hydroxyl-, carboxyl-, and sulphate groups, which makes
them strongly hydrophylic. They are able to bind a water mass up to 50 times their own
weight.

Depending on the properties of the solid component we speak of hard tissues or soft
tissues. The hard tissues (bones, teeth) usually have small deformations and show a linear
relation between the stress and strain. Because of their elastic moduli generally higher
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Figure 1. The intervertebral disc : laminar structure of the anulus enclosing the nucleus
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Figure 2. Schematic view of a) the structure of tissue from the intervertebral disc and
b) the proteoglycan-molecule. From de Heus (1994).
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Figure 3. (a) a typical uniaxial force-length relation for soft biological tissues; (b)
uniaxial stress-strain relation for aorta-tissue from a sinus of Valsalva for different strain
rates. From Sauren et al. (1983).

than the bulk modulus of water, incompressible elasticity or poroelasticity does not apply
to hard tissues. The compressibility of water, and even the intinsic compressibility of the
solid play an important role in the overall mechanical response.

The soft tissues deform already fiercely under normal physiological circumstances.
Strains of 10% up to 100% are easily obtained. The most important solid components
in soft tissues are elastine and collagen. FElastine is an protein that has linear elastic
behaviour up to strains of 60% with a Young’s modulus of about 1MPa Fung (1993).
Collagen fibers consist of tropocollagen molecules. Such a tropocollagen molecule consists
of a helix of three polypeptide chains.

Collagen is about 103 times as stiff as elastine. The Young’s modulus is about 1000
Mpa Fung (1993). For small loads a network of unstretched, undulating collagen fibers
between a network of stretched elastine fibers is found. This structure gives the tissue
its low stiffness for small deformations. With increasing deformation more and more
collagen fibers will be stretched, which causes an increase in the stiffness. Therefore the
stress-strain relation is strongly non-linear, which for example can be seen from figure 3.
A functional consequence is that the collagen network behaves like a protection against
large deformations. The mentioned stiffnesses only apply for extension, because the elas-
tine and collagen fibers buckle easily in compression. A compression load is initially
transduced by the liquid component in the tissue.

Biological materials behave anisotropically at fiber level due to the fiber construction.
This means that the mechanical properties are orientation dependent. Because the fibers
are unevenly oriented, these tissues also respond anisotropically on a macroscopic level.
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Visco-elasticity is typical for biological tissues. This visco-elasticity expresses itself
for example in the strain rate dependence of the stress-strain relation (figure 3). For
cyclic loading we find a hysteresis loop in the stress-strain diagram. The stress-strain
curve during loading is higher than the unloading curve. Before we established that the
non-linear anisotropic behaviour mainly can be ascribed to the solid component of the
tissue. The viscous effect can not be localised that easily. It can be present intrinsically
in the solid, but it can also be originating from the viscous liquid component. There is
experimental evidence that most of the viscosity stems from micromotion of the fluid.
3 The mechano-electrochemical behaviour of biological tissues

Osmotic forces are probably equally important in tissues as viscosity and elasticity. Os-
mosis ensures that the fiber network of the tissue functions under tensile prestresssing and
the fluid saturating the network is under pressure. This vital to the correct functioning
of the tissue as aquous solution typically resist compression and fibers resist tension. To
illustrate the typical mechano-electrochemical response of tissue, we consider a swelling
and consolidation experiment. The composition of the tissue as shown in figure 2 causes
a response as well as to mechanical (forces and displacements) as to chemical loads (vari-
ations of concentration). It is convenient to group the different components of the tissue
to describe the response. We consider four components: the negatively charged solid
component, consisting of fibers and fixed proteoglycans, the neutral liquid component,
the positively charged cations and the negatively charged anions.

The experimental setup is shown in figure 4. The specimen is, precisely fitting, closed
in between the walls of the container, piston and a porous filter. The filter makes it
possible for the fluid to flow out of the specimen. The resistance to flow in the filter is
much smaller than in the specimen. The specimen can be mechanically loaded, using the
piston (pressure on the material). A chemical load is applied as a stepwise change in the
salt concentration in the fluid flowing through the filter. The response of the tissue to the
load is measured in terms of variation of the height of the specimen. The experiment
starts with a conditioning phase (a), during which the specimen reaches an equilibrium
for a known load. Next, the concentration of the ionic solution is decreased (b). This
leads to swelling of the specimen. This is the result of a combination of osmotic, diffusion
and convective effects. The concentration gradient between specimen and filter causes
(i) an outflux of ions out of the specimen, and (ii) an influx of water into the specimen.
Because the specimen has to be electrically neutral, an outflow of ions is limited and
therefore an permanent inflow of fluid occurs. In this case we speak of Donnan osmosis.
The swelling is caused by electrostatic effects. The finally attained condition represents
an equilibrium between the swelling pressure in the fluid related to osmotic an electrical
effects, and the stress in the solid component, related to the strains in the solid.

In phase (c) the pressure created by the piston is increased incrementally. If we
consider both the fluid and solid as incompressible, the increased load is at first carried
by the liquid component only. At the bottom of the specimen a large pressure gradient
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Figure 4. The swelling and consolidation experiment: a) the experimental setup; b)
the measured variation in height of the specimen in a typical experiment, consisting of
a conditioning phase a (salt concentration 0.6 M, pistonpressure 0.08 MPa), a swelling
phase b (0.2 M, 0.08 MPa), a consolidation phase ¢ (0.2 M, 0.2 MPa), and a control
phase d (0.2 M, 0.08 MPa). From Snijders (1994).

arises, which causes an outflux of fluid. An effect of this outflux is that the piston will
lower. The deformation of the specimen causes a stress in the solid component that
gradually will take over the load from the liquid.

Finally, in phase (d) the boundary conditions of phase (a) is re-established. The
extent to which the equilibrium in phase (d) fits that of phase (a) is an indication for
the quality of the experiment. Considering the amount of time the experiment requires
this is highly recommandable.

The osmotic pressure causing the swelling here in this experiment by lowering the
external concentration, is the procedure through which the body generates stiffness, even
in soft tissues, and appears as a solid, while its main constituent is water. The smooth
look of a young skin is a result of the pre-tension in the solid substance, as a consequence
of the swelling pressure correlated with the presence of water binding molecule structures
beneath the skin. The dissappearance of this smooth skin during our lives is to great
extent connected to a decrease of the water binding ability of the tissues, as is the ageing
of the human body in general. The amount of water decreases during our lives from 75%
in a new born to 50% in our last years. Joint disorders are also a consequence of damage
of the proteoglycan networks in the cartilage.

Beside biological tissues some engineering materials show the same swelling behaviour.
Synthetic hydrogels swell in a similar manner. They are, among others, used for soft con-
tactylensesydiapersycontrolledidrugidelivery and to hold water in desert sands. In figure 5
the results are presented of a swelling and consolidation experiment, carried out upon
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Figure 5. Swelling/consolidation test of an acrylacid-acrylamidecopolymergel processed
in a polyurethane foam.

a copolymerised synthetic foam. This material imitates some features of cartilaginous
material de Heus (1994). It is designed to do experiments in well controlled circum-
stances. The results of these experiments are used to validate some aspects of the theory

of mixtures on biological tissues, as presented during this course.
The swelling behaviour of clays is important for the ceramics industry. In soil mechan-
ics swelling clays are considered the worst manageable soil for civil engineering projects.
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4 Kinematics and stress of 1-component mixtures

4.1 Kinematics

Kinematics describes the displacement and deformation of continua. We identify an
arbitrary point in the continuum with material coordinates {£1,8€2,&3}. We put these
coordinates in a column:

{6,6,8)" (4.1)

in which the superscript 7 represents the transposed. The momentary positioning vector
x of a particle can be written as a function of the material coordinate &; and the time ¢:

@ = x(&:t) (4.2)

It is often convenient to identify the points in the continuum with their position xg in a
state of reference, e.g. the state at time t:

xo = x(&i; to) (4.3)

We can therefore consider the momentary position @ of a point as a function of the
position in the state of reference:

x = X (xo,t) (4.4)

If the positions of the points in the continuum can be followed, than also changes of these
positions can be identified. These variations can reveal itself in changes of the distance
between two points, or changes of the angles between line pieces. The size of these
changes can be determined with the deformation tensor, which will be derived below.

Consider two neighbouring points with material coordinates £ and &; + d§;, that are
in the state of reference at positions ¢ and @y + dzo. In the momentary state, these
points are situated at the positions @ en « + de.

The projection of the difference vector dag in the state of reference on the difference
vector dx in the momentary state is the deformation tensor F:

dx = F - dx (4.5)
in which F' can be determined using:
F = (Vyx)° (4.6)

In this formulation Vg represents the gradient operator correlated to the state of ref-
erence, while the superscript ¢ indicates the conjugated. Now, consider an infinitesimal
cube of matter that has a volume dV} in the state of reference. The momentary volume
dV, obtained after deformation F', is:

dV = det(F) dVy 4.7)
Often, the volumetric variation factor is also used:

J = dV/dV, = det(F) (4.8)
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The deformation tensor F' describes the variations in volume and shape as well as the
rigid rotation of the material. We are mainly interested in the variations of volume and
shape, because these cause the stresses in the material. To describe this pure deformation
we can use the right Cauchy-Green strain tensor C, defined as:

C=F°F (4.9)

The tensor C' describes the elongation and shear. In the state of reference the right
Cauchy-Green strain tensor C is equal to the unit tensor I. For a description of the
constitutive behaviour of materials it is most convenient to use a strain tensor that is
equal to the zero tensor, O, in the state of reference like the Green-Lagrange strain tensor

E:
E:%(C—I) (4.10)

Let us now consider the changes in position and deformation in time. The velocity v of a
material point is defined as the material time derivative of a momentary position vector
of the point:

v=¢=ﬁgozé%%ﬁ (4.11)
&

This means that changes of the position are observed, while we are connected to one
particle (¢ is constant). For the velocity d&, with which a line element dx variates in
size and direction, the momentary deformation rate, can be derived:

dt=F -F'.de=(D+Q) da (4.12)

in which the deformation rate tensor D and the rotational rate tensor Q are defined as:

D = J{FF v F) = (Vo)X + (Vo)) (4.13)

@ = J{F-F - (F-FT)} = (V) - (Vo)) (4.14)

in which the identitiy F'- F~! = (V)¢ is used. For the velocity, with which the
momentary volume of the material changes, applies:

J=JtrD (4.15)

The next expression can be deduced for the material time derivative of the Green-

Lagrange strain tensor: .
E=F°.D F (4.16)

4.2 Stress

The deformation, as described above, is usually caused by forces. These forces will
often be applied on the surface of the continuum. It is common to relate the magnitude
of the force to the size of the surface.
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Now, consider a infinitesimal area with a normal vector ng and surface dAg. After
applying a force df this area deforms according to a deformation tensor F', where the
deformed area gets a normal vector n and a surface area dA. We define a stress vector t
as force per unit surface area t = df/dA. The local state of stress in the material now is
given by the Cauchy stress tensor o, that projects the normal vector n upon the stress

vector ¢ in the momentary state:
t=0-n (4.17)

This equation is a definition of the Cauchy stress tensor. The stress o in general depends
on the deformation of the material. For an incompressible material the stress is deter-
mined by the deformation (and its time and spatial derivatives) except for a constant
hydrostatic contribution —plI, where p represents this hydrodynamic pressure. This can
be shown by loading such a material on all sides by a single hydrostatic pressure. This
load will not cause any deformation. The stress nevertheless has to increase to reach
an equilibrium at the boundaries. In other words, a part of the stress in the material is
independent of the state of deformation. It is convenient to subdivide the stress tensor
o in a hydrostatic part —pI and a deviatoric part o%:

o=-pI+o (4.18)

The constitutive relation of the stresses depend on the mechanical properties of the
material. This constitutive relation, has to be objective, which means that it is not
allowed to change during rigid rotations. In a later chapter, we will show that when
using the Green-Lagrange strain tensor as a strain quantity, it is convenient to use the
Piola-Kirchhoff stress tensor , P, as a stress quantity, based on objectivity. This stress

tensor is defined as:
P=det(F)F!.0.F° (4.19)

5 Conservation of mass, balance of momentum and balance of
moment of momentum of one-component mixtures

5.1 Conservation of mass

We consider an arbitrary, but fixed part of space with volume V and outer surface
A. The matter in this volume has a density p. Conservation of mass requires, that the
variation of mass of this volume matches the mass flow per unit of time through the

surface A,
0
a/pdV=—-/p’u~ndA (5.1)

|4 A

in which n is the outer normal unit vector. Applying Gauss’ theorem and swapping of
the time derivative and the integral gives

/ (% +V- (pv)) dv =0 (5.2)
J
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Because the volume V is arbitrary, the integrant has to be zero in every point in space.
This results for the local conservation of mass into:

dp

— V . = .
N + (pv) =0 (56.3)
or
p+pV-v=0 (5.4)
in which the material time derivative is used:
_Dp_9p
= E 6t +v- Vp (5.5)

5.2 Balance of momentum

Again we consider an arbitrary, but fixed part of space with volume V and a surface
A.

The impuls per unit volume is equal to pv. Fully analogously to the previous deriva-
tion, we now consider transport of impuls pv instead of mass p. The variation of mo-
mentum in a volume per unit of time is equal to:

gt/pv av + /(pv)'v ‘n dA (5.6)

A

According to the balance of momentum this momentum variation is equal to the resulting
force that works on the matter in V. Generally this force consists of a volume force q
per unit of mass and a surface force t per unit of surface area. According to the balance
of momentum we find:

;/pvdV+/(pv)v ndA = /pqu+/tdA (5.7)
\% A

The last term of this equation is written as:

/tdA:/a'ndA:/V'ach (5.8)
A A v

If we apply Gauss’ theorem to the second term of (5.7) also, we obtain local balance of
momentum, using (5.4):
po =V -0°+pq (5.9)

5.3 Balance of moment of momentum

According to the balance of moment of momentum the variation of the moment of
monentum in a volume V is equal to the transport of moment of momentum through the
surface area A added to the moment of forces, that work on the volume. The moments
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of momentum are considered with respect to a fixed point O. This is written in integral
form:

%/prvdV = —/(mxpv)v-ndA
14 A

+ /wqudV+/ar:><tdA (5.10)
v A

This equation holds for non-polar continua, continua in which no spread moments are
present. Through laborious deduction the local balance of moment of momentum is

derived:
o=0° (5.11)

a simple result, which shows that o is symmetric.

6 Thermodynamics of one-component mixtures

6.1 The first law of thermodynamics

The first law of thermodynarmics is the law of conservation of energy. It says that the
heat dQ added to a system can be used to increase an internal energy U of the system
with an amount dU, to increase the macroscopic kinetic energy K of the system with an
amount dK, and/or to increase the work done by the system with dW,:

dQ = dU + dK + dW, (6.1)

If the first law is used for a continuum it is more convenient to consider the work dW =
—dW, that is applied to the continuum. Furthermore we will consider the changes per
unit of time, to write (6.1) as:

K+U=W+Q (6.2)
We consider the part of space again with volume V and surface area A. The kinetic
energy K of the continuum is:

1(:/gm»vdv (6.3)
v
The variations in kinetic energy of the continuum per unit of time, K , I8t

.9
Kza/%pv.vdv+f(%pv.v)v.ndA (6.4)
A
|4

The internal energy U of the matter in V, is:

U= [pUdV (6.5)
/
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in which U indicates the specific internal energy, or the internal energy per unit mass.
In this course we will indicate specific quantities with a tilde (7) on top of every symbol.
The variations of the internal energy per unit of time U can be written as:

U= gt/pU dv + /(pz])v -ndA (6.6)
A

The applied load consists of a volume load ¢ and a surface load . The power that is
provided the load is:

W:/pq~vdV+/t~'vdA (6.7)

A
We will now specify the heat added to the system more accurately. We consider heat
supply through internal heat sources, that produce an amount of heat 7 per unit of time

per unit of mass and heat drainage through the surface caused by a heat flur density
vector h. The heat added per unit of time now yields:

Q:/pde—/h.ndA (6.8)
v A
Application of the first law (6.2) now yields:
0 / U+ 3v-v) / v n dA
ot 2 P
A
+ /pq-vdV—l—/t-vdA
v A
+ /pde—/h-ndA (6.9)
v

The local form of this law follows from Gauss’ theorem. The last term of (6.7) is thereby
transformed into:
/t-vdA /V-(O‘C"U)dv
v

A
/{(V-a‘“)m—}-a : (Vo)) dV

/{(V -0%)-v+o0: D} dV (6.10)

The last-transition-is-justified,-because the Cauchy stress tensor o is symmetric. If we
use the balance of mass (5.4) and the balance of momentum (5.9), we find the local law
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macrostate | number of microstates
n=>5 1
n=4 25
n=3 100
n=2 100
n=1 25
n=>0 1

Table 1. The number of microstates is a measure of the entropy of the macrostates

for conservation of energy:
p[L]:pF—V-h—Fcr:D (6.11)

Using (4.16) and (4.19) we obtain:

B3 1 .
pUzpF—V‘h—f-jP:E (6.12)

6.2 The second law of thermodynamics

Considering the original formulation of the second law, by Clausius in 1850, heat
doesn’t flow from a cold system to a warm system spontaneously. A more general for-
mulation states that systems always show the tendency to transit from an ordered to an
unordered state. The very existence of the second law is linked to the choice in continuum
mechanics to describe a system of a limited number of independent variables. Because of
this limitation, this macroscopic description of the system is inherently incomplete. In
other words, there are many, many microstates which lead to the same macrostate. The
precise definition of disorderliness or entropy (S) in statistical physica has little relevance
to the subject of mixture theory of such and will therefore not be dealt with in detail.
It suffies to say that the entropy of a system is related to the number of microstates,
that leads to the same macrostate. A simple example illustrates this clearly. Consider a
set of 5 red beads and 5 blue beads, which fit into a box with 5 spaces on the left and
5 spaces on the right. A microstate is defined by which colour is in which space. The
macrostate is defined by a single variable: the number of red beads in the 5 spaces on

the left. Macrostate n corresponds to (52‘5—23',1)2 microstates: When beads are moved

around in the box, there is more chance to have the system moving towards state n = 2
or n = 3 than towards n = 0 or n = 5, simply because there are more ways to be in state
n=2or n =3 than n =0 or n = 5. This is what the second law of thermodynamics is
all about. The second law is almost a tautology. The box naturally moves to the more
entropy states n = 2 or n = 3. In the real problem of continuum mechanics we have bil-
lions of particles within each representative elementary volume, resulting in many more
microstates for each macrostate. This makes it virtually impossible for entropy to move
down. For a closed system we have,

ds >0 (6.13)
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Table 2. Balance laws for non-polar continua

quantity balance law
mass p+pV-v=0
momentum pv =V .0+ pq

moment of momentum o =0

energy p(;szF—V-h—{—a:D
entropy p§ > pr -V <%)

Entropy is the amount of knowledge of the system which is locking in the macroscopic
description of the system in continuum mechanics terms. It is defined as a measure of
the number of microstates which correspond to any microstate. The more microstates
correspond to a macrostate, the less knowledge of the details of the system we gain from
the macroscopic continuum knowledge, and therefore the higher the entropy. For an
open system, the generated entropy is the change in entropy of the system minus the
externally supplied entropy %:

dQ
dS — == >0 (6.14)

If the ’="-sign in (6.14) counts, we speak of a reversible process, if the '>’-sign counts, the
process is irreversible. Actually, (6.14) forms the thermodynamic definition of entropy.
We will write (6.14) again for a part of space with volume V and surface area A. If we
consider the variations per unit of time, we find, using (6.8):

o - ~ or h

= . > [Egv- 2. ,

8t/deV+/pSv ndA > TdV /T n dA (6.15)
v A v A

in which the specific entropy S is defined as the entropy per unit mass. For the local

form follows: _ A
~ p’r'
>E _v. (2 .
pS 2 T <T> (6.16)

This form is also known as the Clausius-Duhem-equation.

7 Thermodynamic potentials

In'this paragraph we will consider the'amount of energy of a continua. The energy per
unit mass, the specific energy, is also called the thermodynamic potential.
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7.1 1Ideal media

In the traditional application area of thermodynamics, gasses are often considered.
These gasses are regarded as an ideal medium, which means, a medium in which the state
of stress can be characterized with a hydrostatic pressure p. For the work done by the
system dW, applies:

dWs = pdV (7.1)

in which dV is the change of volume of the medium. Furthermore, the macroscopic
kinetic energy K is neglected, as to write the first law (6.1) as:

dQ =dU + pdV (7.2)
which converts for a reversible process into:

dU = TdS — pdV (7.3)

We can make a transition from the global to the local form again by working with specific

quantities. : 3 )
dU =TdS — pdV (7.4)

in which V =1 / p represents the volume per unit mass. If we now consider the specific
internal energy U as a function of the independent variables S and V:

=U(S,V) (7.5)

and we determine the total differential of U,

a= (YY) as+ () av (7.6)
as ) ., v ).

we can derive from (7.4) and (7.6) that:

oU
T = <%> ] (7.7)

oU
p= - (ﬁ)g (7.8)

From equation (7.6) it turns out that the internal energy doesn’t change for a thermo-
dynamic process with which the specific entropy S and the specific volume V remain
constant. Therefore it is convenient for such isentropic, isochoric processes to use the
potential U. We call S and V the characteristic vartables, corresponding to the potential
U.
For zsentropzc, 1so0baric processes it is more convenient to use another potential, the
specific-enthalpy-H, defined-as:
= U +pV (7.9)
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In a reversible process we can write the total differential of H, using (7.4).
dH = TdS + Vdp (7.10)

Obviously we can consider the enthalpy H as a function of the characteristic variables S
and p: H = H(S,p). Tt can also be derived that:

OH
(o) .

- OH
V= (a—p) g (7.12)

For isothermal, isochoric processes we use the third thermodynamic potential, the specific
Helmholtz free energy, defined as:

F=U-TS (7.13)
for which we can derive that:
dF = dU — TdS — SdT = —SdT — pdV (7.14)
and
S = <g—§>v (7.15)
e - (%)T (7.16)

In some cases it is recommendable to assume a thermodynamic potential that has the
temperature as well as the pressure as the characteristic quantities. This potential is
called the specific Gibbs free energy G = G(p,T), and is defined as:

G=H-TS (7.17)
For the variation dG of G the next total differential applies:
dG = dH — TdS — 8dT = Vdp — SdT (7.18)

in which (7.10) is used. Following the already known manner, we can derive that:

- G

. oG
B — <ﬁ>p (7.20)
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Table 3. Thermodynamic potentials for ideal media.

name definition total differential
internal energy U dU = TdS — pdV
enthalpy H=U+pV dH=TdS+Vdp
Helmholtz free energy F =U —TS dF = —8dT — pdV
Gibbs free energy G=H-TS dG=-8dT+Vdp

For isobaric, isothermal, reversible processes holds:

(dé)p,T,rev =0 (7.21)
For the irreversible case it can be derived that:
(dG)p T irrev < 0 (7.22)

An arbitrary isobare, isothermal process goes therefore in the direction of a decreasing
Gibbs free energy untill an equilibrium is reached, for which applies:

(d2é)p,T,equilibrium >0 (7.23)

We will use these properties of the Gibbs free energy later.

In the text above, two examples of a free energy have come up. From (7.13) and (7.17)
it appears that such a free energy is defined by reducing another measure of energy with
. TS. This term T'S represents that part of the specific energy, that cannot be released
from the matter by some process of conversion, because of the second law. When we
use the word ’energy’ in daily life we mean free energy, energy that can readily be used.
When we say ’energy’ crisis, we mean free energy crisis. When we say ’law of conservation
of energy’ we mean, law of conservation of internal energy.

7.2 Non-ideal media

In general the state of stress in a continuum is not hydrostatic. In this paragraph we
will describe state functions for a more general state of stress. According to the local
balance of energy (6.12) and (6.16), the variations of the specific internal energy U in
time are, for reversible processes:

B 5 1 . 1
pU = pT'S + jP 1 B — Th -VT (7.24)

We will now restrict ourselves to continua in which no temperature gradients are present.
If we consider the variations independent of time, it follows, that:

dU = TdS + piP : dE (7.25)
0
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If we match this expression with the corresponding expression for ideal media (7.4), we
see that the transition to general media can be attained by the next substitution:

~ 1
—pdV — —P :dE (7.26)
Po
Fysically, both terms represent an infinitesimal amount of work, that is produced by the
surface forces per unit of deformed volume. We see in (7.25) that the specific internal
energy is a function of S and E:

U=U(S,E) (7.27)
Differentiating this relation yields:
dU = (QQ) ds + (%) : dE (7.28)
Comparing (7.28) with (7.25) shows that:
- (%) (729
U
P= — ,
Po <8E> . (7.30)

Extension of (7.13), the total differential for the specific Helmholtz free energy F, for
general media, yields,

- ~ 1
dF = -SdT'+ —P : dE (7.31)

Po

from which it can be shown that:
oF
P = Po (é—E—> (7.32)
T
S= — (%) (7.33)
E

The total differential of the specific Gibbs free energy G (7.18) we extend in an ana-
logue way,

dG = S dT - piE : dP (7.34)
0
from which we see that:
S = - (g—(;> (7.35)
P
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Table 4. Thermodynamic potentials.

name definition total differential
internal energy U dU = TdS + p—loP :dE
enthalpy I:Izlj—p—loP:E dI:I=Td§—p—10E:dP
Helmholtz free energy F=U —TS dF = —8dT + pioP :dE
Gibbs free energy G=H-TS dG = —8dT — p—loE :dP

The extensive form of the enthalpy H can also derived this way. The result is shown in
table 4.

8 The second law and constitutive behaviour

To trace the mechanical state of a continuum, constitutive equations for the material
behaviour are also needed as well as the corresponding initial and boundary conditions.
For the choice of the constitutive equations several limitations apply. The next topics
have to be satisfied [Schreurs, 1993; Oomens, 1993d]:

e definiteness;

e objectivity;

e thermodynamic permissibility;

e equipresence.
The third demand implies that the constitutive equations have to be chosen such, that
the entropy-inequality (6.16) is satisfied for all possible states and variations of state
of the continuum. This means that restrictions can be obtained using the second law
for a general form of the constitutive equations, that describe the material behaviour.
We will use this demand frequently during this course. Equipresence demands that all
dependent variables depend on all independent variables unless the third demand makes
this impossible. To illustrate this, we will apply this routine first for the simple case of
a l-component mixture.

First we eliminate the term p7 from expression (6.16), using (6.12) for the first law,

which results in:

p(T§—ﬁ)+a:D+Th-V<%)ZO (8.1)

Transition to the specific Helmholtz free energy F' (7.13) yields:

Ol LaCN Zyl_ﬂbl

:D+Th-V(%)20 (8.2)
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We now assume the following:

e the material is incompressible;

¢ volume forces and forces of inertia are neglected;

e the temperature of the continuum is constant in time and space.
The last demand holds the assumption that the source term # is chosen such that tem-
perature remains constant. Therefore this equation will not be considered any further.
Our final choice for the constitutive behaviour has to satisfy the following second law,

—pF+o0:D>0 (8.3)
with additional conditions, the balance of mass and momentum:
V-v=0 (8.4)

V.o=0 (8.5)

One way of processing of these subsidiary conditions is substitution, where a variable
in a side condition is first isolated and then eliminated from the main equation. The
amount of equations as well as the amount of unknowns decreases. If the isolation of
a variable is impossible or inconvenient, a subsidiary condition can be accounted using
a Lagrange-multiplier. The subsidiary condition is written as an equation in which al
terms are moved to the left. The right hand side of the equation is zero. The left hand
side of this equation, multiplied by a Lagrange-multiplier, is added to the inequality.
Because the amount of unknowns increases in this situation, the method of substitution
is preferable, if at all applicable.
In this case we chose nevertheless to account the incompressibility condition using a
Lagrange-multiplier A: .
—pF4+0:D+\V-v>0 (8.6)

which can also be written as:
—pF +(c+X):D>0 (8.7)

The balance laws (8.4) and (8.5) are equivalent to 4 scalar equations with 9 (6 stresses
and 3 velocities) unknown variables. We need therefore 5 additional equations. Since
balance laws are no more available we need at least 5 constitutive equations. We choose
the quantities F and o+ I as dependent variables that depend on independent variables
through constitutive relationships. These relationshipas are equivalent to 7 scalar equa-
tions (1 for F and 6 for o + AI). They provide the 5 missing equations plus 2 equations
to compensate for the law quantities F and X. Then the set of equations is closed.

We chose the Green-Lagrange strain, E, as an independent variable. Such choice
equates to an assumption of elasticity. Using the principle of equipresence we have to
make all dependent variables function of all independent variables. In this simple case,
it means:

F=F(E) (8.8)
g+ M =F . o*(E) F° (8.9)
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The pre and post multiplication with F' ensures that the constitutive function o* is
objective. The choice of dependent and independent variables doesn’t result from theory,
but is based on physical insight. The number of dependent variables should be such as to
ensure that the final set of equations is closed i.e. the number of unknowns should equal
the number of equations. Finally, the extent to which the resulting constitutive equations
describes the observed experimental behaviour of the continuum, is a justification for the
choice. Substitution of the expressions (8.8) and (8.9) in (8.7) yields:

OF

This expression has to apply for arbitrary values of D). Because the factor with which
D is multiplied, is dependent of D we can satisfy (8.10) by setting this factor to zero.
This means that the entropy-production is equal to zero, which is in agreement with our
assumption of elastic material behaviour.
Filling of expression (8.9) for o* yields:
OF

Let’s compare this expression with (4.18). We find that the Lagrange-multiplier can

physically be interpreted as the hydrodynamic pressure p. The deviatoric stress o can
be written as: _
oF
d c
=pF-— F .
o' =pF o (8.12)

If we now switch to the second Piola-Kirchhoff stress tensor P, based upon o<, we can
also write: _
-1 d —c OF

where p/po = det(F') is used. The elastic behaviour of biological materials is often
described with a strain energy density function or the elastic potential , and indicated

with the symbol W. This yields:
oW

- OE

We can interpret this W as poF, the amount of Helmholtz free energy per unit volume.

P (8.14)



Swelling Media: Concepts and Applications 79

9 Quantities in mixture theories

Let’s consider a general mixture of v components. Microscopically, only one component
is present at a certain moment at a certain place in space. Furthermore, the compo-
sition of the mixture will differs in general from one spot to the other. In the theory
of mixtures we try not to describe the behaviour of every seperate particle. We use a
continuum approach instead, in which we spread the properties of the components over
a representative volume unit (RVU) AV. This volume has to be big enough to provide
a good continuum representation of the quantities on microscopic level, but also small
enough to avoid averaging of macroscopic variations. If the RVU is displaced through
every possible position in the mixture and the average quantities are ascribed to the
position of the centre of the RVU, we can determine the average quantities as a function
of the position in the mixture (figure 6). A consequence of the averaging concept is that
every component, that is present in the mixture, occupies every position x in that mix-
ture. We express the amount of component « in terms of mass m® or moles n®. In the
theory of mixtures we usually take the apparent density p of the components, concerned
with the RVU, V, and the present amount of mass, m®, in it:

= — a=1,...,v (9.1)

If component « is immiscible with other components, the volume of component « is indi-
cated with V. The real intrinsic density p{* of the components of immiscible components
is then:

p?:%, a:].,...,l/ (92)
We define the volume fraction ¢* of an immiscible component as:
¢a:V7, a=1,... v (9.3)

in which V@ is the volume occupied by component & within volume V. It will be obvious
that:

e =1 (9.4)

and
p* = ¢ p¥, a=1,...,v (9.5)

We define the density p of the whole mixture as:

p=>_p" (9.6)
a=1

10 Kinematics and stress in mixtures

10.1 Kinematics

We consider thesmixture of w-components again. The collection of material points £
of a component @ (e = 1,...,v) is indicated with B®. These points occupy an area R®
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Figure 6. Illustration of the averaging procedure for a mixture of a solid and a fluid.

in the three-dimensional space at time ¢:
Re(t) = {z* = xo‘(éa,t) |V§°‘ € B} (10.1)

The areas R* (a = 1,...,v) coincide according to the theory of mixtures and every
position & is occupied by particles of every single component at the same time. Therefore,
the following holds: ' '

z(t) =zl (t) = 22(t) = ... = 2%(t) = ... = 2¥(¢) (10.2)
We can now define a deformation tensor F*“ per component:
F* = (Vgz®)©. (10.3)

In this equation the symbol V§ represents the gradient operator concerning the state of
reference of component a. We define the Green-Lagrange strain tensor E® with respect
to component « as:

1
E°® = 3 {(F*)¢-F* - TI}. (10.4)
The velocity v® of a material point from component « is defined as:

o XE)
v* =

5 (10.5)

e

We define the velocity of the whole mixture v as the mass weighed average of the velocities
of the components:

v(x,t) = % Z pov*(x,t) (10.6)
a=1
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We can point several velocities in every point of the continuum. Therefore several ma-
terial time derivatives are defined. Let’s consider a quantity a®, a quantity a connected
to the component a. We now define two material time derivatives of a®:

Da*  0a*

o _
= =y +v-Va® (10.7)
ca _ D%  0Oa* o

ot = = +v*-Va (10.8)

Using time derivative a* we move with the average velocity of the mixture, while we
move with the component « if we use a®.

We define the deformation velocity tensor D and the rotational velocity tensor <

as:
D = %{Fa ) (Fa)_l + (Fa ) (Fa)—l)c} (10‘9)
Q= %{F" C(F)TL - (B (Fa)-l)c} (10.10)

In these definitions we take the material time derivative of the deformation tensor F“
while we move with component a.

Finally we define the velocity u® of component o with respect to the velocity of the
mixture as:

—v. (10.11)

10.2 Stress

Let’s consider a small surface with normal unit vector ng and surface area A in this
mixture. We can subdivide a force f, that works on this surface, in several contributions
f<, working on each of the components « in the mixture. As a result of the force f the
surface deforms, during which it gets a normal unit vector n and a surface area A. We
now define the partial stress vector t* as the force working on component «, divided by
the total surface area:

o_ I
t* = i (10.12)
For the choice of size of the averaging surface A the same considerations apply as for
the averaging volume V. Analoguously to (4.17) we now define the partial Cauchy stress
tensor o®:

. q. (10.13)

The tensor o prOJects the normal unit vector n of a surface to the partial stress vector

applied per unit of surface area of the mixture of
. +4 * I
-
ol L) zy ik
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11 Balance of mass, momentum and moment of momentum in
mixtures

11.1 Balance of mass

We consider an arbitrary volume V in space with surface area A. The balance of mass
for component « reads in integral form:

%/padV:—/pava~ndA+/é°‘dV. (11.1)
14 A 1%

This equation is equal to (5.1), with an extra source term added that accounts for the
variation in mass of component o with respect to interactions with other components.
The quantity é* is defined as the rate of mass transfer from component « to other
components changes per unit volume of mixture. We can think of phase-changes (mass-
exchange between liquid and vapour), variation of ionisation (mass-exchange between
the ion-component and the solid phase), or chemical reactions. Applying Gauss’ theorem
vields the local form of the balance of mass per component «:
Op~

E-}-V-(pv):c. (11.2)

The exchange of mass between the mutual components may not influence the total mass:

> [erdv=o. (11.3)

a:lV

At a local level this results in the local balance of mass for the whole mizture:
e =o. (11.4)
a=1

11.2 Balance of momentum

We consider the arbitrary, but fixed part of space with volume V and surface area A
again. In integral form the balance of momentum for component « is given by:

8 (679K s } - o, O o
a/p'v av = /(p'v)'v ndA
v A

+/p°‘q"‘ av + /t" dA + / (P* + &*v®) dV. (11.5)
v A v
We recognize the integral form for one-phase materials again (5.7), completed with an

interaction-term..The volume foree that works upon « is indicated with g®. The term
in £ represents the force per unit surface area mixture on component . Based on
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(10.12) a contribution of the surface forces has to be calculated by integrating the partial
stress vectors t* over the surface of the mixture A. In the interaction term the volume
force p* represents the momentum transfered from other components to component « ,
counted per unit volume mixture and per unit of time. Transition of momentum occurs
for example in friction forces, that are a result of relative movement of the components.
The term ¢*v® represents momentum transfer associated with the exchange of mass é.
It is assumed that the added mass of component a gets the same velocity as the already
present mass of component . Using Gauss’ theorem we find the local form of the balance
of momentum per component o again:

ot

in which o® represents the partial Cauchy stress tensor. The term ¢*v® doesn’t show up
again in this equation, because we used the balance of mass (11.2). For the total mixture
applies that the net conversion of momentum with respect to the interaction terms has
to be zero, so the local balance of momentum for the total mizture holds:

8’0"‘ Yo’ a\e (oS SO
p“{—+v“-Vva}=p“v =V . (a%)° +pq" +p°, (11.6)

v

> (@v* +p*) =0. (11.7)

a=1

11.3 Balance of moment of momentum

The integral form of the balance of momentum for component « is:

9 % x p®v*dV = —/(wa x pv*)v* -ndA

ot
1% A
+ /m"‘xp"q"dV+/:c°‘><tadA
\4 A
+ /(a:"‘ X (¢%v* + p%) + m*) dV (11.8)
v

The last term accounts for the transfer of the moment of momentum from other compo-
nents to component o. The term x* X (é*v® +p~) is the moment of momentum transfer
associated with the momentum interaction (¢*v® + p%). The term 1M represents the
direct moment of momentum transfer to component « by the other components, counted
per unit of volume mixture and per unit of time. An example of such direct moment of
momentum interaction is the case of friction forces transfered from fluid to solid in flow
through helical pore structure with preferential helicity. The local form of the balance of
moment of momentum is: o

M =(o%)°-0o” (11.9)
in which M~ is the anti-symmetric tensor corresponding to the axial vector m®, defined
such that for all vectors a applies:

méxa=M -a (11.10)
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The reader is referred to specialized literature for the proof of eq.(11.9). At this moment
we consider M~ as a quantity, analoguous to the terms ¢* and p“.

12 Thermodynamics in mixture theory

12.1 The first law

We formulate the first law of thermodynamics for a component « in the mixture as
the first law for a one component continuum (6.9), completed with an interaction term :

%/pa (ﬁa+%va-v“> dv =

—/p”‘((7“+%vo‘-vo‘)va-ndA+/paqa~vadV

A v
—l—/ta-vadA—}—/paf‘adV——/ha~'n,dA—|—/éadV

A v A v

+/ (0% 5%+ 40%: NI 4 22(0" + Joo - 0)) av, (12.1)
J

N

in which U® represents the specific internal energy of component «, h® represents the
heat flux density vector for component o and 7% represents the specific heat supply to
component a by heat sources. In the second of these term the symbol €% represents
the direct energy transfer from the other components to component «a, calculated per
unit volume mixture and per unit of time. The last term represents the energy supply
caused by interaction effects with respect to the exchange of mass ¢* , the exchange of
momentum p* and the exchange of moment of momentum M~ Using Gauss’ theorem
and the balance of mass, momentum and moment of momentum the local form of the
balance of energy per component « is derived:

pUe = p®i® — V - h® + 0® : D* 4 &°. (12.2)

Equation (6.11) shows that only the term é* is added in the mixture. In analogy to
the other balance laws, we demand that the balance of energy for the components is
consistent with the balance of energy for the total mixture:

Z (é”‘ +u® P+ U + Lu u"‘)) =0. (12.3)
a=1

Notice that the velocities u®, defined in (10.11), are found in this equation, i.e. the
component velocities with respect to the mixture velocity.

12.2 The second law

The second law.of thermodynamics,.as formulated in (6.14), describes thermodynamic
properties of a system. For a mixture it isn’t clear how the system has to be defined: is
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the system formed by the total mixture or forms every component a system on its own?
In the last case the entropy production per component has to be greater or equal to zero.
In the first case this demand applies for the total mixture, and there can be components
for which the entropy production is less than zero. We formulate the second law for the
whole mixture as this is the only restriction which is agreed upon by the whole scientific
community. Starting from (6.16), we postulate the local form of the second law for the

whole mizture:
o3 pafa h* o Qo
a _ | — > 0. .
Z{ps 7o TV (Ta>+cs}_o (12.4)

a=1

in which S is the specific entropy of component «, and T is the temperature of compo-
nent o. The term Y ¢*S® discounts the interaction between the components again. If we
eliminate the term p®7* using the balance of energy per component (12.2) and eliminate
the term ) é“ using the balance of energy for the total mixture (12.3), it follows that:

) ada peUe o®:D* p*uwr 1

a=1

éa

—F(U“ +lu e TQSQ)} > 0. (12.5)

If we finally define the Helmholtz free energy per unit mass for component « as,
Fo =% -T%8%, (12.6)

we can divert (12.5) into:

~T°h* -V (—) — &(F 4 u .ua)} > 0. (12.7)

13 Thermodynamic potentials in mixture theory

13.1 Partial quantities

The total mass of a mixture is equal to the sum of the masses of the components of
which the mixture consists. The total volume V of a mixture is generally not equal to
the sum of the component volumina:

V£ Z ve. (13.1)
a=1

Thisgisscausedspbecause thednteraction between molecules of the same constituent is
generally different from that between molecules of different constituent. To account the
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Table 5. Balance laws for mixtures.

quantities balance law for component (c) and mixture (m)
mass ¢ PY+p*V.v* =¢

m Y é&=0
momentum c  p*v* =V (0%°+ p*q™ + p*

m > ((*v*+p¥)=0
moment of momentum ¢ o® — (%) = M *
energy c p[ja =p*F* -V -h® 4+ 0% : D* + ¢
m z{éa +u - p + (0 + Luo -ua)} =0

entropy m > {pa§a - E;i—a +V. (%—Z) + éo‘g"‘} > 0.

independence of mixture composition partial quantities are used. We define the partial
molar volume V¢ of component « as:

Ve = (—ala) , a=1,...,v (13.2)
N/ 1n8 Bta

So, V* represents the increase of the volume of a mixture as a result of adding a little
amount of component «, figured per mol of the added component. Furthermore, the
thermodynamic state of the mixture, here characterized by p and T, has to stay constant,
as well as the composition of the mixture. If V' is independent of the composition of
the mixture, then integration of (13.2), yields:

V=> nve (13.3)
a=1

Generally the partial volume of a component in a mixture is not equal to the molar
volume of the pure component. If this is the case, we say the mixture is ideal.

13.2 1Ideal media

Also for mixtures we can define

ol Ll Zyl_i}sl

potentials (Katchalsky en Curran, 1965). We will
v components, in which an amount n%* moles
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of every component « is present. In the former chapter it turned out that for an ideal
medium the Gibbs free energy G is a function of the pressure p and the temperature T.
In the mixture, G is also a function of the mixture composition:

G =G(T,p,n,...,n") (13.4)

For variations dG the following differential applies:

oG oG
= —_— T S
1 (aT)p,n"‘ e ( 8p )T,n“ dp

"\ [ 0G
+ (—) dn® (13.5)
agl 0N/ 1.no it
We now define the partial molar Gibbs free energy G of a component « in a mixture as:
- oG
Ga = <_a> (136)
On® ) 1.n# ot

We can consider G as an increase in free energy of the mixture if we add one mole of
component « to that mixture. The partial molar Gibbs free energy is usually called the
chemical potential p®:

~ oG
e =G = (52 ) (137)
O/ p1m8 pta
Now (13.5) can be diverted into:
oG BG) d
dG = dT + dp + *dn® 13.8
( or ) ( P ) 1o g ; g (138)

The part of the chemical potential in thermodynamics is comparable with that of the
potential energy in mechanics. To illustrate this statement, let’s consider a process —
for a constant temperature and pressure — in which an amount dn® of component « is
converted from state A to state B. The variation dG in Gibbs free energy then reads:

G = (up — pi)dn®. (13.9)

According to (7.22) the convertion from A to B will initiate spontaneously if dG is
negative, i.e. if u§ > p%. If p% < pp, the process will go in the opposite direction.
In equilibrium dG = 0 applies, such that u4 = p%. The chemical potential therefore
indicates in what direction the process will go. We will see in chapter 5 that we can
describe processes like osmosis well using the chemical potential.

13.3 Non-ideal media

For mixtures of ideal media we could characterize the state of stress per component

e p and the mixture composition n',... ,n” (13.4),

pressures p® totally. For mixtures of non-ideal



88 J. M. Huyghe and P. H. M. Bovendeerd

media the state of stress has to be described with a whole stress tensor o, that cannot
be derived unambiguously from the total mixture stress o and the mixture composition.
Therefore we have to make G explicitly dependent on all component stresses. Starting
from (7.34) we characterize the state of stress per component with the second Piola-
Kirchhoff stress tensor P%.

For mixtures of ideal media, like gasses, it is in addition usual to express the amount
of a component in moles, indicated with n®. For non-ideal media it is sometimes more
convenient to convert to masses m®. The Gibbs free energy G for mixtures of non-ideal
media can therefore be written as:

G=G(T,P',...,P"m',...,m") (13.10)

For the variation of the Gibbs free energy after adding a small amount of component «,
counted per unit mass, now applies:

oG
e = (—a> (13.11)
Im® )1 p1. .. pv m8 fra

We call ® the specific chemical potential of component «.



Swelling Media: Concepts and Applications 89

Figure 7. Darcy’s experiment

14 The concepts of two-component mixtures

14.1 Permeability

The French engineer Darcy initiated a number of experiments in the context of the
design of fontains in the city of Dijon. These experiments aimed at quantifying the
permeation of water through sand beds Darcy (1856) (Darcy, 1856). In the experiments
water saturated cylindrical sand samples were subjected to a constant pressure gradient.
The flow through the specimens was measured for varying pressure difference, cross-
sections and lengths of the specimens. (figuur 7). These experiments showed that the
flow is proportional to the pressure difference p; — p2 and the cross-section A of the
sample and inversely proportional to the length L of the sample:

Q- K(py —p2)A

. (14.1)

The proportionality constant K is the permeability. Experiments showed that biological
tissues complies with Darcy’s law reasonably well (Maroudas, 1968, 1979) when the fluid
is a physiological salt solution. In soil mechanics Darcy’s law has been shown valid for
sand and coarse lime. For clays a conclusive experiment has never been done. When
different Newtonian fluids are used in the same sand samples, the permeability of the
sample has been shown to be inversely proportional to the viscosity of the fluid. The
permeability depends on the size and the structure of the pores of the sample also.
If the sample is compressed, the permeability drops. Different relationships between
permeability and fluid volume fraction are proposed in the literature. In very deformable
porous media, like soft biological tissues, only the viscous forces of the flowing liquid
isvsufficient torcause compressiontof the porous medium and thus a reduction of the
permeability.
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A Ié—-— contact forces

\ > g
liquid pressure |

Figure 8. The mechanical stress in a fluid solid mixture.

14.2 Effective stress

Consider a mixture of an incompressible solid and an incompressible liquid (figure 8).
We assume that the solid is composed of grains - to focus the attention and without loss
of generality. The dimensions of the grains and the pores between the grains are small
relative to the macroscopic dimensions of the material. Every grain is subject to two
types of external load: (1) the liquid pressure (2) the contact forces with neighbouring
grains. The liquid pressure is an isotropic load which cannot result into deformation of
the grains as they are incompressible. Only the contact forces with neighbouring grains
result into a stress field in the grains and thus deformation of the solid skeleton. The
latter stress field, averaged over a large number of grains and measured per unit mixture
surface is the effective stress. The effective stress in a mixture of an incompressible solid
and an incompressible liquid is that part of the stress that causes deformation. The total
stress o is given by the sum of the effective stress o, and the hydrostatic pressure —pI:

oc=0.—pl (14.2)

In this example we assumed that only the pressure of the liquid contributes to the total
stress. In principle every component - and therefore also the liquid component - can
contribute to the effective stress in a mixture. Therefore it is wrong to consider (14.2)
a division of the stress in an effective stress caused by the solid and a pressure caused
by the liquid. In general both components contribute to both terms. In soilb and rock
mechanics, the fields from which the effective stress concept originates, the effective stress
is often called the grain stress, because for lots of soil mixtures contribution of the liquid
to the the effective stress is negligible.

In the former chapter we saw that in the more recent theory of mixtures, it is common
practise to subdivide the total stress in a mixture in partial stresses, in analogy to the
much older concept of partial pressure from the kinetic theory of gasses. These partial
stresses can be associated with every individual component. For the porous medium this
means:

o=o0°+aof (14.3)
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piston/
loadcell

filter

Figure 9. Setup for a one dimensional consolidation test.

The stress-strain relation becomes a relation between the effective stress and the
pressure in a porous medium. Notice that in force equilibrium the total stress appears.

15 Theory of consolidation of Terzaghi

During this presentation of porous media mechanics the historical development will be
followed, because that is the easiest way to comprehend it.

One of the major enemies of civil engineering is the phenomenon consolidation. After
constructing a big builing or a bridge the foundation of the construction appears to sink
several inches into the ground. As long as this sinking is distributed homogeneously over
the total area of the foundation consequences are not yet disastrous. If there is differential
sinking, the consequences can be catastrophic. Cracks in the construction, leakage in
case of a dam or pulling a building out of position (tower of Pisa). Consolidation can
usually be attributed to the construction pushing the fluid beneath the foundation aside.
Therefore, this problem can only be studied with porous media mechanics.

The problem of consolidation has been studied by Terzaghi in the nineteen twenties.
Terzaghi restricted himself to a one dimensional consolidation, in which the liquid flow
and the displacement of the solid occur in only on direction. This situation is reasonable
for a very wide foundation plate where the sideward outflow of fluid is only a local bound-
ary effect. We can create this situation on purpose in a one dimensional consolidation
experiment (figuur 9), which is often used to study cartilage.

In this experiment a cilindrical specimen is placed in a fitting rigid cilinder. The
bottom of the specimen has contact with a porous filter in which the permeability is
muchphighersthansthespermeabilitysinnthe specimen itself. The top of the cilinder has
contact with an inpermeable piston with surface area A, that is loaded with an axial
force F'. For an incremental increase of the force F', this force will first be intercepted by
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Figure 10. One dimensional consolidation of a porous medium.

the hydrostatic pressure (14.2), because no deformation of the solid has taken place yet.

P=7 0<z<h, t=0F (15.1)

At z = 0 a steep pressure gradient appears that causes the liquid to flow out of the
specimen. This outflow of liquid results in a smooth downward motion of the piston. The
deformation of the sample causes an effective stress within the sample that gradually will
take over the load from the hydrostatic pressure.

We now consider Terzaghi’s way to derive the equations that describe this process.
We restrict ourselves to small deformations.

Consider a layer [z, z + dz| of a one dimensional medium that is subjected to consoli-
dation. The medium consists of a porous, incompressible, elastic solid saturated with an
incompressible fluid. Analogue to (14.1) we subdivide the total stress ¢ in a hydrostatic
pressure p, present in the liquid + solid (pressure positive, see figure 8) and an elastic
stress caused by deformation o., measured per unit surface area (extension positive).
The liquid flux per unit mixture area is indicated with a ¢ (z-direction positive). If we
neglect the forces of inertia and the volume forces, we can write the balance of momentum

as:
Oe(z+dz) —oe(2) —p(z +dz) + p(z) =0 (15.2)
After dividing by dz, we find:
do.  Op
5 9. 0 (15.3)

Because of incompressibility the balance of mass reduces to the balance of volume:

4J
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| ©FINITE ELEMENT SOLUTION

ANALYTICAL SOLUTION
(TERZAGHI 1943}

Figure 11. Dimensionless pressure P versus dimensionless position Z at different times
during linear, one dimensional consolidation.

After division by dzdt, we find:
&u  dq 0
B20t Bz
In addition to the balance laws we need two constitutive equations. The first is the Darcy
equation :

(15.5)

Op
=-K— 15.
7 0z (15.6)
in which we consider the permeability K a constant. Substitution of (15.6) in (15.5)

yields:

0%u d _Op
— —=—K=—=0 15.
5.0t 0 02 (15.7)
The second constitutive relation is the law of Hooke:
ou
e — H_ 1 .
7 0z (158)

in which H is the compressive modulus. We consider H a constant, i.e. linear elasticity.
The compressive modulus is related to the modulus of elasticity, E, and Poisson’s ratio,

v, for an isotropic medium: )
—v
H=E———— 15.9
(14 v)(1—2v) (15.9)
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The equations (15.3), (15.5), (15.6) and (15.8) form a complete set of partial differential
equations (check this!). Integration of equation (15.3) yields:

o(z,t) = p(z,t) = —po(t) (15.10)

with po(t) the top load. For a classical consolidation test the top load is a step function.
After applying this step the function is constant in time, so:

do. Op _
5~ 3 =0 for t>to (15.11)
Substitution of (15.8) in (15.11), yields
0u  Op
prrviale vl for t>ty (15.12)
Substitution of (15.12) and (15.6) in (15.5) yields the consolidation equation of Terzaghi:
Op 0?p
—-KH— = .
i H 92 = (15.13)

Notice the analogy with the diffusion equation. The characteristic time that is needed
to start the consolidation process of a porous layer with thickness Az, permeability K
and compressive modulus H, follows from (15.13):

Ap Ap
A KH Ao (15.14)
or: (A )2
z
At="r (15.15)

The consolidation time ¢ is therefore inversely proportional to the permeability K and
the stiffness H, and proportional to the square of the thickness of the layer Az. The
analytical solution for the consolidation equation (15.10) for a specimen with thickness
h holds:

o0
pP= lemMZe‘MT (15.16)
=0
with
p=2=2 (15.17)
Do
™
M = —(2n+1) _ (15.18)
z
zZ = % (15.19)
KHt
T = 7 (15.20)

Notice that for ' > 1 the consolidation process of the specimen is largely completed (zie

ol Ll Zyl_i}sl
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16 Mixture description of saturated porous media

We shall derive equations applicable to the behaviour of elastic incompressible fluid
saturated porous media from mixture theory.

16.1 Assumptions

We consider the porous medium as a two-component mixture, composed of a solid
(superscript s ) and a fluid component (superscript f). We can rewrite equation (9.4)
as:

o*+o¢f =1. (16.1)

Eq. (16.1) is the saturation condition. We assume that no mass-exchange occurs between
the components. Each component is assumed incompressible :

Py = i constant, a=s,f. (16.2)

The apparent densities p* however do change as a function of time. We consider processes
which are sufficiently slow so as to ensure that inertia forces are negligible. Volume forces
are neglected as well. We assume that all components have the same temperature and
no gradients in temperature are present either in time or space.

16.2 Conservation laws

Conservation of mass In the absence of mass exchange the local law of conservation
of mass (11.1) of component « reduces to :

o + V- (p*v*) =0, a=s,f. (16.3)
Using (9.5) and (16.2) we can rewrite (16.3) :
%i— + V- (¢%v) =0, a=s,f. (16.4)

Summation of the eqs. (16.4) yields the local mass balance of the mixture :
Vo (¢°v") + V- (¢70]) =0, (16.5)

o V-0 + V- (¢ (v —v*)) =0. (16.6)

The first term of (16.6) represents the rate of volume increase of a unit volume of mixture.
The second term represents the fluid flux from this unit volume. Eq. (16.6) states that
every volume-increase or decrease of the mixture is associated with an equal amount of
in- or outflux of liquid. At this point it is useful to refer current descriptors of the mixture
with respect to an initial state of the porous solid. As is usual in continuum mechanics, we
define the deformation-gradient tensor F' mapping an infinitesimal material line segment
in the initial state onto the corresponding infinitesimal line segment in the current state.
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The relative volume change from the initial to the current state is the determinant of the
deformation gradient tensor J = detF'. If we introduce volume fractions

3 = Jg° (16.7)

per unit initial volume, we can rewrite the mass balance equation (16.4) as follows:

D?oe
+JV - [p%(v* —v®)] =0 (16.8)
Dt
when using the identity (4.15):
D? R
ﬁj =JV.v (16.9)

Conservation of momentum Considering the assumptions staed earlier momentum
balance (11.6) reduces to :

V.- (%) +p* =0, a=s,f. (16.10)

The momentum interaction p® arises e.g., as a consequence of friction between the fluid
and the solid. We assume no moment of momentum interaction between fluid and solid.
Therefore we tacitly assumed the symmetry of the partial Cauchy stress tensor in (16.10).
Summation of the equations (16.10) yields the local momentum balance for the mixture

as a whole :
V.o'+V.a/=V.0=0, (16.11)

if we use :

p°+p’ =0, (16.12)

The entropy inequality The local form of the entropy inequality (12.7) applied to
the mixture as a whole, reduces to:

3 (—pﬂﬁa +o%: D~ p. u"‘) > 0. (16.13)
a=s7f
We introduce the strain energy function
W=J3> p"F*=J > y° (16.14)
a=s,f a=s,f

as the Helmholtz free energy of a mixture volume which in the initial state of the solid
equals unity. ¢ is the Helmholz free energy of constituent o per unit mixture volume.
Rewriting the inequality (16.13) for the entropy production per initial mixture volume -
i.e. we multiply inequality (16.13) by the relative volume change J - we find:

DS

ol Lalu Zyl_ﬂbl

v/ —v%) .o — (v —v*)yf] >0. (16.15)
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16.3 Constitutive restrictions

In analogy to section 8, we use the entropy inequality to derive constitutive restrictions
for the mixture. The entropy inequality should hold for an arbitrary state of the mixture,
complying with the balance laws and with incompressibility. There are two ways to
comply with these restrictions. One is substitution of the restriction into the inequality,
resulting in elimination of a field variable. The other is by introduction of a Lagrange
multiplier. The mass balance of the mixture (16.6) is accounted for by means of a
Lagrange multiplier. Other balance laws and the incompressibility conditions (16.2)
are accounted for by means of substitution. From the inequality 16.15 we see that
the apparent density and the momentum interaction p® is already eliminated from the
inequality. In other words the conditions of incompressibility and the momentum balance
of the constituents have already been substituted into the second law. The divergence
of the partial stress tensor of the solid V - o and the heat supplies r® also are absent
from 16.15. Thus the momentum balance of the mixture and the energy balance have
already been substituted in the second law. Therefore, restrictions still to be fulfilled
are the mass balances of the constituents (16.3) and mass balance of the mixture (16.6).
The latter is substituted by means of a Lagrange multiplier p:

S

W+ Jo. : Vv°

Dt
+Jlo! + (pg! — ¢} : V(vf )
+J (v — %) (-Vy) +pVnf + V. of) > 0. (16.16)

in which the effective stress o, is defined as

o.=0o+pl (16.17)

Choice of independent and dependent variables We choose as dependent vari-
ables the dynamic variables appearing in inequality 16.16 : W, ¥f, o., af + po/I,
V -0/ 4+ pV¢7/. Their number should equate the number unknown variables appearing
in the balance equations minus the number of balance equations. The number of inde-
pendent variables should be as small as possible to describe the state of the tissue well.
Their choice is a key assumption of the continuum theory and is based on insight in the
physical phenomena involved in the behaviour of the material. If the independent vari-
ables include only variables describing the local state of the tissue (e.g. E), the theory
is a local theory. If the independent variables include variables describing the state of
the tissue some distance away from the point of consideration (e.g. VE), the theory is a
non-local theory. Throughout this book we consider only local dependent variables. We
choose as independent variables the kinematic variables : the Green strain of the solid
E*, the fluid volume fraction ®' and the fluid velocity relative to the solid vf — v®. For
reasons of objectivity we need to transform all the vectors and tensors among the depen-
dent and independent variables back to the initial state. This yields for the constitutive
relationships:

W = W(E*, & v/,
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o = I (B0 vl

g. = F.S.(E° & vf*). F°
of —¢/pI = F.ST(E* & v/°) F°
o —pve! = F.P(E, 0 0 (16.18)
with
vis=F1. (v —0%) (16.19)

The principle of equipresence requires that all dependent variables appear in each of
the constitutive relationships. The choice of the independent variables is paramount for
the form of the constitutive relationships that are derived. E.g., including for the solid
Green strain only and no measure of strain rate, implies elasticity of the solid. In mixture
mechanics it is also important to realise that each of the variables is an averaged value of
a physical quantity over an averaging volume. It may seem surprising that the shear rate
of the fluid is not included in the list of independent variables, although the viscosity of
the fluid is absolutely essential for the behaviour of the mixture. The reason for this is
that in a porous medium the shear rate at one side of the pore has a sign opposite to
the shear rate at the other side of the pore. The expectation value of the shear rate in a
representative elementary volume is therefore the shear rate of the solid, i.e. a generally
very low value, not representative for the dissipation in the fluid. It is therefore more
obvious to use the fluid velocity relative to the solid as a macroscopic measure of the
microvalues of the shear rate. The fluid volume fraction ®f is not independent of the
Green strain because of incompressibility :

&/ =det F — 1+ ¢} = /det(2E° + I) — 1 + ¢} (16.20)

Because of the strong non-linearity of equation (16.20), elimination of one of the variables
is tedious. In fact, the way we deal with the interdependence of these two variables is by
means of the Lagrange multiplier p. The condition 16.6 is in fact a differentated form of
eq. (16.20). This legitimises the use of E® and ®/ as independent variables.

Counstitutive relationships Applying the chain rule for time differentiation of W :

DWW oW D°E°  OW DsN/ 0w

Dt _0E° ' Dt NI Dt | oul (16.21)
and substituting the mass balance of the constituents (16.8) for the elimination of D;)];’ !
from the inequality 16.16 :

ow
— " — Fc : s
(Jo. - F 3E ): Vo' +
oW D* .
— _v
ovfs Dt
+Jof + (uf ¢f — )1 : V(v —v*) (16.22)

+J(wf —v*) - (=Vy/ + p Vphif + V. o) > 0.
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in which pf is the chemical potential of the fluid:

r_ 9w
~ ONT

Eq. (16.22) should be true for any value of the state variables. Close inspection of the
choice of independent variables and the inequality (16.22), reveals that the first term
of (16.22) is linear in the solid velocity gradient Vuv®, the second term linear in B—ZUf s
and the third term linear in the relative velocity gradients V(v — v*). Therefore, by a

standard argument, we find:

% +p (16.23)

1 ow

e = —F - — ¢ .
o 7 3E F (16.24)
oW _ (16.25)

dvls '
of = (f — pleh)I (16.26)

leaving as inequality:

J(f —v®) - (=Yl + 1 I Vphif + V- af) > 0. (16.27)

Eq. (16.24) indicates that the effective stress of the mixture can be derived from a strain
energy function W which represents the free energy of the mixture. Eq. (16.25) shows
that the strain energy function cannot depend on the relative velocity of fluid versus solid.
Thus, the effective stress of a biphasic medium can be derived from a regular strain energy
function, which physically has the same meaning as in single phase media . According
to eq. (16.26) the partial stress of the fluid and the ions are scalars. Transforming the
relative velocities to their Lagrangian equivalents, we find in stead of (16.27):

v/ =Yyl + 1 Vgl + V- af] 2 0. (16.28)

in which Vj = F°. V is the gradient operator with respect to the initial configuration.
Note that as uf V¢! + V- o/ depends on v#¢ according to the constituive relationships
(16.18), the lefthandside of inequality (16.28) is not a linear function of v/* and therefore
it is incorrect to equate the factor — Vo 4+ uf Voof + V-0 to zero. From a physical
point of view it is obvious that unlike the elastic deformation of the solid the flow of fluid
relative the solid results in an entropy production. If we assume that the system is not
too far from equilibrium, we can express the dissipation (16.28) associated with relative
flow of fluid and ions as a quadratic function of the relative velocities:

~Vo! + W/ Vo¢! + Vo0l =B-v/* (16.29)

B is a semi-positive definite matrix of frictional coeflicients. Substituting eq. (16.26)
into eq. (16.29) yields the Lagrangian form of Darcy’s law :

—¢!Vouf = B -v/* (16.30)

The constitutive behaviour of the fluid-solid mixture is thus described by a strain energy
function W and frictional tensor B. From the strain energy function we derive both the
effective stress and the chemical potential of the fluid.



100 J. M. Huyghe and P. H. M. Bovendeerd

16.4 Physical interpretation of the constitutive variables

Comparing eq. (16.17) with eq. (14.2) reveals that the Lagrange multiplier p should
be interpreted as the hydrostatic pressure in fluid.

V-o.—Vp=0. (16.31)
If we define the permeability tensor K as:
K = (¢')’B™! (16.32)

eq. (16.30) becomes:

(v —v)=-K-V(p+ 6—W). (16.33)

0of '

Eq. (16.33) is the threedimensional form of Darcy’s law (15.6). The difference between
the chemical potential uf and the pressure p is the matric potential. The matric po-
tential accounts for adsorption and capillary forces. It can be quantified experimentally
using capillary rising heights. In Terzaghi’s consolidation theory the matric potentisal
is neglected, not because it is negligible in absolute terms but because its gradient is
negligible in an homogenous medium with limited variation of fluid volume fraction and
coarse pore structure.

16.5 Resulting equations

The resulting equations are: Momentum balance of the mixture:

V.o.-Vp=0 (16.34)
Mass balance of the mixture:
Vv =V (¢ (v —v*)) =0 (16.35)
Darcy’s law:
vl —v=¢/ BtV (16.36)
Stress-strain relationship:
ow

.= (det F)"'F.

Constitutive law for the chemical potential of the fluid:

oW
pl =p+ af (16.38)

The total stress in the mixture is composed of an effective stress and a hydrodynamic
pressure: 0 = 0. —pl. The effective stress o is derived from the strain energy function
of the mixture W. In eq. (16.38) F is the deformation gradient tensor of the solid and

The strain energy W in a function of the solid
- A d I
o
ol L zy
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strain E. In one dimensional space eq. (16.34) reduces to eq. (15.3) from Terzaghi’s
confined compression theory.
Dynamic boundary conditions are:

[(Ge—pI)-n]=0 (16.39)

with n the outer normal along the boundary and the square brackets represent the
difference between the value at either side of the boundary.

V' 1) =0, (16.40)

with as a special case the evaporation boundary condition:

of p*
V'u! = RTIn= (16.41)
pd
Eq. (16.40) and eq. (16.41) enforces continuity of molar chemical potential. Discontinuity
of chemical potential would lead to an infinite fluid flux which is physically impossible.
For this reason we can claim that even if the material properties are sharply discontinuous
the chemical potential should be continuous. This is not true for the pressure p. E.g.
at the interface between a sand layer and a clay layer the pressure is not continuous,
at least if capillary effects are not neglected. Similarly interstititial pressure along the
surface of the skin is not equal to atmospheric pressure. We use the molar chemical
potential in stead of the volumetric chemical potential because the volumetric chemical
potential can be used only for incompressible media. Although the medium we consider
is incompressible, the medium outside the boundary need not be incompressible as is the
case for evaporation. Kinematic boundary conditions are:

[u] = 0 (16.42)
[(v/ —v*)-n] =0 (16.43)

17 Conclusion

We derived the equations, that describe the behaviour of a porous medium, in two
different ways. The traditional approach of Terzaghi has the advantage that we know
the fysical meaning of the used parameters from the start. It is a disadvantage is that we
have little insight in the assumptions that we - often unconsciously - took. For example,
it appears from the resulting equation, which was derived using the theory of mixtures,
that we neglected the capillar forces.

In the second approach, using the theory of mixtures, all effects are taken into ac-
count, and simplifications have to be done explicitly. It is done by neglecting the terms
from the balance laws or by the choice of the independent variables. This approach is
also suitable for generalisation to mixtures with more components, like we will see in
chapter 6. A disadvantage of this approach is the complexity of the derivation.

oL fyl_llsl
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18 Solutions

18.1 Mixtures of ideal gasses
We first consider a pure ideal gas. We start with (7.18) for the total differential of the
Gibbs free energy, now written for a total amount of gas. For a constant temperature
applies:
dG = Vdp (18.1)
If we now increase the pressure of the gas from pgy to p, the variation of the Gibbs free
energy AG is written:

G P
AG=G -Gy = dG = / Vdp (18.2)
Go Po
For an ideal gas applies:
pV =nRT (18.3)

in which R represents the universal gas constant (8.314 J - K '-mol™!) and n is the
amount of gas in moles. Substitution of (18.3) into (18.2) yields after integration:

G- Gy=nRTln L (18.4)
Do
This equation shows the Gibbs free energy of a gas with respect to the state of reference
(po, Go). For the chemical potential of the gas it follows that:

fi=fio+ R 2 (18.5)
Po
Let’s consider a mizture of ideal gasses. We take an amount n’ of gas I and an amount
nf! of a gas II. Both gasses are subjected to a reference pressure pg, and have the
volumes V! and V!!. During mixing of these gasses an ideal mixture with volume V and
pressure p is created, for which:

Vv = vigvH (18.6)
P = Ppo (18.7)

The partial pressures p! and p!! of the gasses in the mixture measure:

pl=a'py  p!f =zlp,, (18.8)

in which the molar fractions x of the components are defined as:

I II
I n II n

TSl T T Rl (18.9)

Substitution of the pressures from (18.8) into (18.5) now yields for the chemical potential
of the gasses:
pf = pd+ RTnz!, 5" =pl' + RTIng"! (18.10)
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We know that the mixing process as described above occurs spontaneously. We can also
see this by calculating the mizing-energy. The total Gibbs free energy before mixing
amounts:

Guoor = n' i + n' ! (18.11)
For the total Gibbs free energy after mixing applies:
Gpa = n'{fiy + RTnz"} + 0! {gl! + RT Inz'1} (18.12)

We can now derive for the mixture energy AGeng:

AC:Tneng = Gna - Gvoor
= (0’ +2"RT{z"Inz" + 2! Tina"} (18.13)

I I

Because x! as well as /! are smaller than 1, AGmeng < 0, which means that the mixing
process occurs indeed spontaneously.

18.2 Non-electrolytic solutions

From the former we saw that for mixtures of ideal gasses the chemical potential
depends on the composition of the mixture following (18.10). In general the chemical
potential for mixtures of ideal media depends on the pressure p and the temperature 7.
We now define an ideal mizture as a mixture in which the following relation applies for
the chemical potential of the components a:

*(p,T,z%) = fig(p,T) + RT In z* (18.14)

We therefore assume that 5 depends the same way on the composition of the mixture as
a mixture of ideal gasses does. For a mixture of ideal gasses we found the concentration
dependency through the partial pressures of the gasses. In definition (18.14) we take the
pressure dependency separately into account in the term §(p,T). If the mixture has an
equilibrium, we know that for every component:

Vi* = 0. (18.15)

If all components move freely through the mixture, this means, using (18.14), that there
are no gradients in concentration. If this free movement is hampered, a concentration
gradient generally will be present in the equilibrium.

This last situation is demonstrated in the experiment, shown in figure 12. In the right
compartment there is a solution of n® moles of a substance e, for example a protein,
in n" moles of a solvent w, for example water. In the solution the protein consists
of neutral particles. In the left compartment only the solvent is present, water. The
compartments are separated by a semi-permeable membrane, that only allows transport
of water. Therefore equation 18.15 applies across the membrane for water, but not for
the protein.

Initially there is no hydrostatic pressure difference between both compartments. For
the chemical potential of the water applies:

a =y + R Inz) = g (because z}’ = 1) (18.16)
iy = pg +RTlnzy < gy (because ¥ < 1) (18.17)
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water water + solved matter

|
|
|
1

Figure 12. [llustration of the phenomenon osmotic pressure.

in which we indicate the chemical potential of the water with 5™, in the left (index 1) and
the right (index 7) compartment and in pure (index 0) state. The chemical potential of
the water therefore appears to be lower on the right hand side than that on the left hand
side. This difference causes a net transport of water from the left to the right, which
results in a hydrostatic pressure difference. The net transport reaches an equilibrium, as
soon as the chemical potentials on the left and on the right are equal. In this equilibrium
the hydrostatic pressure difference is equal to A, the osmotic pressure difference. We
calculate the size of the osmotic pressure difference. The total differential of the Gibbs
free energy G (13.8) is:

oG oG Z
=| = dr — d i*dn® 18.
dG (8T>p’na +<3P)T,na p+;,u dn®, (18.18)
in which the chemical potential i® is defined as:
- oG
"/ p T8 B
In analogy to (7.19) and (7.20) we now state for the volume V and the entropy S of the
mixture: 96
V= (—) (18.20)
ap T,ne
0G
S=—-|= :
<8T>p7na (18.21)

The partial derivative of the chemical potential with respect to the pressure is:

() - (2(2)
8p T ne (71) an® p,T,nB B#w T no
0
- [ 9 (9% , (18.22)
on® \ 0p ) 1 pa

p.T,nP f#a
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which can be rewritten, using (18.20), into:

(%) _ (3_‘2> _ e (18.23)
ap T,n> on T,p,nB,B#a

in which V¢ is the partial molar volume of the component « in the mixture. Applied to
the water-component in the situation of figure 12, we find:

aw) - -
—_ =V¥Y=VY 18.24
( ), ; (18.24)

The last '="-sign can be justified for a dilute solution, in which the partial molar volume
of the water is equal to that of pure water. We determine the difference in chemical
potential of the water in both compartments, as a result of the pressure difference p, —p;,
through integration of (18.24), considering that the partial molar volume of the water is
independent of the pressure:

Pr _ _
Y = / Tordp = 7 (pr — p1) (18.25)
Dl

In equilibrium the chemical potential of the water left and right is the same:
B =i =gy + RT Inzy + Vo' (p, — po) (18.26)

Because j1;° = [, the osmotic pressure difference A is:

RT
A =p, —p = —=Ilna¥ (18.27)
Vg

It is usual to relate the osmotic pressure to the concentration of the solution, the protein.
For this, we use:

ne

1 wIl l_ez—e:—_z____ .2
nzx n(l — z°) x e = (18.28)
and the following expression for the volume V of the solution:
V =n"V¥ +nVe = n"V§". (18.29)
Substitution of these relations in (18.27) yields:
n@
Ar = —=RT = ¢*RT, (18.30)

Vv

in which the concentration c¢ is expressed in molessm™. This relation has also been

discovered empirically by Van’t Hoff, indicating that the basic assumption for an ideal
mixture, defined in (18.14), applies for dilute solutions. We define the osmotic pressure
of a solution as:

T=—=—Inz", (18.31)
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which is well approximated by van 't Hoff’s equation in a dilute solution:
7 =cRT. (18.32)

in which c is the concentration of the solved substances. Further, we specify expression
(18.14) for the chemical potential of a component «, using (18.26):

i* = pg(T) + R Inz® + pV*. (18.33)
with particularly for water:
p¥ =gy (T) + RT Iz + Vi’p = g (T) + Vg (p — 7) (18.34)

In other words, the chemical potential consists of a pressure dependent part (the pressure
potential) and a concentration-dependent part (the osmotic potential) for isothermal
conditions. Deviations of the ideal situations are taken into account using the so called
activity coefficient ¥*. The molar fraction x® is corrected to an ’active molar fraction’,
or activity a®:

a® =~%z®, (18.35)

The expression for the chemical potential then becomes:

i* = §(T) + RT Ina® + pV*°. (18.36)

18.3 Elektrolytic solutions

In biology we often have to deal with solutions of ionized high-molecular proteins. In
this paragraph we will consider solutions of a protein, (component ¢) and a low-molecular
salt (component z) in water (component w). We will indicate the protein with PX,. We
assume that in a solution of this protein an equilibrium will be established in which a
protein molecule falls apart in a high molecular negative ion P*~ and z small positive
ions X+:

PX,= P> +2XT. (18.37)

In general there are also ions present of a low-molecular electrolyte in such a protein
solution, indicated with MZ. We assume that a solution of this electrolyte results in
monovalent positive and negative ions:

MX=M +X*. (18.38)

In this situation the M- and the X*-ion are called the ’co-ion’ and the ’counter-ion’
respectively.

Since the time constant, corresponding to the establishment of a local electrostatic
equilibrium, is very short, we can assume that at every moment electroneutrality applies.

The electrochemical potential of an ionic component In the former the chemical
potential of a component o was defined as the partial molar Gibbs free energy. This
means that we considered the change of the Gibbs free energy if we added one mole of
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component a to the mixture, during wich we kept the amounts of the other components
constant. For a solution of an electrolyte, for example the salt M Z, the movement of
cations or anions is not exclusively controled by the chemical potential, as was the case
for the water in the porous medium in chapter 4. Reason for this is, that the charged
particle is also sensitive for an electric-potential field. One mole of a monovalent ion
has a charge equal to the constant of Faraday, F'. The force that works on an ion in an
electric-potential field € is:

Fv¢ (18.39)

Therefore, we do not use the chemical potential for an ionic component but the electro-
chemical potential, of which the gradient does not only contain the mechanical and
chemical forces, but also the electric forces:

i* = 4§ + RTIna®* + pV® + :*F¢ a=+,— (18.40)

Here, z® is the valence of the ion, from which it follows that for a salt in water the
chemical potential is: B
B° = a§ + RTIna® + pV?, (18.41)
We see that the activity of the salt is,
a* =ata”, (18.42)
that the reference-potential is,
G =g +ig (18.43)
and that the partial molar volume is,
Vi=Vt 4+ V. (18.44)

We now define the activity coefficients for the ions v+ and 77, in analogy to (18.35), as:

at =~taT, a” ="z, (18.45)
in which 27 and z~ represent the (equal) molar fractions of the anion and the cation.
We can now derive the activity of the salt a*:

o =~ytatyTrT = (vFx)?, (18.46)
in which we defined the average activity coeﬁ'iéient of the salt v* as:
vE = ()Y, (18.47)

and used z1T =z~ = 2. The activity coefficients can be determined experimentally from
electro-chemical experiments. A theoretical foundation of the relations above is provided
for strongly diluted solutions by Debye and Hiickel in 1923. In this course we consider
the relations as empirical ones. It is obvious that the relations for the chemical potential
of a salt as mentioned above do not apply for a pair of ions, present in a porous medium
with fixed charges, because in that case the co-ionic charge and the counter-ionic charge
do-not-neutralize .one.another.and.therefore one cannot speak of a salt (=electric neutral
molecule) in a solution.
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water water Pz

M- Xt M- Xt
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|

Figure 13. Illustration of the Donnan-effect.

The Donnan-effect The Donnan-effect occurs in a saturated electrically charged
porous solid. We consider two neighbouring points in the charged porous medium. Be-
tween these two points there is a difference in fixed charge concentration. The two points
are now considered to be two containers, between which water and ions (M~ en XT) can
move freely. The fixed charges (P*~), however, cannot move from one container to the
other. In other words, the containers communicate through a semi-permeable medium
(figure 13). To fix our thoughts and without loss of generality, we assume that the left
container has no fixed charge. An equilibrium is established, in which no net transport

of particles through the membrane takes place. This equilibrium is characterized by the
condition, that the (electro)-chemical potential for substances, that are able to pass the
medium freely, is equal in the left as well as the right container:

ao= pY (18.48)
B = A% a=-+,— (18.49)

Using (18.36) we can write these relations as:

iy + RTna} +p VY = ¥ + RT Ina® + p, Vv, (18.50)
gg + RT Inaf* + V4 2°F¢ =
S + RTIna® + p,V* + 2°F¢, a=+,—. (18.51)

Now, we first consider the ionic equilibrium. As the solution is dilute, the contribution
pV* is negligible with respect to the term RT Ina®. With this the summation of (18.51),
for a = +, —, reduces to the condition:

afa; =ata; (18.52)

Using (18.46) this leads, after conversion to concentrations, to:
Sicicr = (7)iefer (18.53)

T

(v
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Beside this condition, the condition of electroneutrality for the solution in the left as
well as the right compartment should be kept. Deviation from electroneutrality would
lead to - relative strong - electric forces, restoring electroneutrality almost immediately.
Therefore:

¢ = ¢ (18.54)
ot = ¢ +ac, (18.55)
in which ¢® is the concentration of the macromolecule to which z fixed charges are at-

tached. For the concentrations of M ~- and X T-ions in the left and right compartment
a combination of (18.53) — (18.55) yields:

-_1f . ey OF)2(e)?
=5 (zcr + \/(zcr)2 + —Qﬁ) (18.56)

e = % (—zcﬁ + \/(zcﬁ)2 + w) (18.57)

(77+)2

In a dilute solution we are allowed to equate the activity coefficients %i and v¥. We
now see that the concentration ¢ of the X -ions is different between left and right,
as is the concentration ¢~ of the M ~-ions. This difference in concentration is called
the Donnan-effect. We also see, that the Donnan-effect decreases for an increasing salt
concentration.
The osmotic pressure difference between the left and the right compartment Ar can
now be determined from the equilibrium for the water. Therefore, we rewrite (18.51) as:
RT . a¥
Ar=p, —p = 7o In e (18.58)
If we suppose that the activity coefficients for water are equal left and right, we can
switch to molar fractions:

w o +¢
- C____l+ =1 bt (18.59)
' +e +¢ c’ +¢ +¢
c? cf + e+t
5= c“’+c+—T-c_—t~ce:l_c"’—ir—c+—£c_—lr—ce (18.60)
T T T T T T T T

Because the water concentration is much higher than the other concentrations, we can
use the first order approximation In(1 + z) =~ = and we will find:

¥ + - e + -
ArV©Y _atata g +tg

: (18.61)
RT v v

This expression can be simplified further, because ¢’ ~ ¢¥ = 1/V¥ ~ 1/V¥, which

gives:
Ar = RT(cf — ¢ +c;. —cf +¢f) (18.62)
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In many cases the valence z of the protein is very high and therefore the contribution of
the protein concentration ¢ is neglectable, compared to the concentrations of the small
ions. If we define the osmotic pressure, in this case, as:

7 =RI(c"+c7) (18.63)

we find the former expression for the osmotic pressure difference back. In the non-ideal
situation equation 18.63 is extended with an osmotic coefficient I':

m=TRT(ct +¢7) (18.64)

From equation (18.51) also the Donnan-potential difference between the left and right

compartment follows:

RT af RT ay
& — & = ?ZHE = Tlnalt (18.65)

Donnan osmosis in biological tissues The semi-permeable membrane exists in
many forms in nature: for example as a cell membrane, as a layer endothelial cells (cover-
ing the inner side of blood vessels), or as elastic lamina (a layer that is found in the wall of
arteries). The transmembrane potential observed across the membrane of a living cell is
a Donnan-potential. However, one should realize that many biological tissues function as
a semipermeable medium leading to the Donnan-effect (and to osmosis) as a continuous
osmotic pressure gradient across the tissue. Therefore the Donnan-effect occurs in, for
example, cartilage, where the huge, ionized proteoglycan molecules are tangled in a net-
work of collagen and elastine fibers. The charge of the proteoglycan molecules is caused
by the negative carboxyl groups (COO™) and sulphate groups (SO;). It will be clear
from the former, that not the concentration of big molecules ¢?, but the concentration of
negatively combined charge zc®, is an important characteristic quantity of the material.
This concentration is often called fized charge density ¢/¢. We come across several small
ions in biological tissues like Na™, K*, Ca®* en Cl~.

For studying the properties of biological tissues, synthetic model materials are devel-
oped, consisting of ionised polymer chains (de Heus, 1994). The Donnan-osmotic effect
can be used to determine the fixed charge density ¢¢ in these materials. The model ma-
terial ("the right compartment’) is therefore exposed to an external solution of a known
concentration ("the left compartment’), after which the osmotic pressure in the material
is measured. In figure 14 the measured osmotic pressure is plotted against the external
salt concentration. From a combination of the relations (18.53) — (18.57) and (18.62) we
can eliminate the concentration of free ions in the model material, which will result in:

A = RT{c!*® + 4f2c2}Y/2 _ 9¢RT, (18.66)

in which ¢ = ¢ = ¢] is the (known) concentration of ions in the external solution, and
f is a short notation for the relation between the activity of salt in the external solution
and that in the material f = 'yli /'y,,i We have to realize, that several approximations
have been introduced when deriving expression (18.62). A more elaborate derivation
leads to:

Ar = ®RT(c!? + 472c%)1/2 — 28" cRT, (18.67)
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Figure 14. Measured relation between the osmotic pressure and external salt concen-
tration (A) in a synthetic material. The drawn line represents relation (18.67), with
parameter values ® = ®* =0.93, f = 1 and ¢/¢ = 0.24 - 10°3mol-m 3.

with osmotic coefficients ® and ®*. The unknowns in this relation can be determined
by fitting the experimental data. From figure 14, we see that the relation between the
measured concentration and the osmotic pressure can be described well using relation
(18.67).

18.4 Chemical potential and mass transport

In the former it is stated, that the direction in which thermodynamic processes go,
is dependent of differences in chemical potential. We will now specify this statement for
the flow of a dissolved substance in a solution. The ’derivation’ is meant to give better
insight and not to be mathematically precise.

As an introduction we consider a simple one dimensional system, characterized by a
mass m and a friction coefficient k, to which a force f is applied, that is related to a
potential . The system model for such a system reads:

f=Vi=ma+ kv, (18.68)

in which v and a are the velocity and the acceleration of the system. Some time after
the force is applied to the system a stationary state will be established, in which the
acceleration equals zero, so the velocity v is proportional to the gradient of the potential

7%

v= %vn (18.69)

Similarly the flow of a constituent o in a solution can also be considered. If we state
again, that the friction term is linear in velocity, we find:

v® = L° - Vi, (18.70)
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in which L? is a second order tensor. Substitution of expression (18.33) for the chemical

potential yields:
v*=D% - Vz*+ K*-Vp (18.71)

If a pressure gradient is absent, we recognize the law of Fick for diffusion of constituents
caused by a concentration gradient. In the absence of a concentration gradient the equa-
tion reduces to the law of Darcy for flow of a fluid through a porous medium caused by
the influence of a pressure gradient. The tensor K therefore represents a permeability
tensor, while D% is a diffusion tensor. If we deal with an isotropic system, these tensors
reduce to K* I and D® I, respectively.

ol L ZJI_E.LI
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19 Quadriphasic mixture theory

19.1 Introduction

In chapter 4 we presented a biphasic model of biological tissue. This model basically
assumes that the tissue is a sponge saturated with a viscous fluid. Anyone who has
worked with biological tissue will agree there is something realistic about this, although
many body fluids look more like a gel than a fluid. This is true, e.g., for intracellular
fluid, interstitial fluid and for synovial fluid. Part of those fluids are bound by hygro-
scopic macromolecules and are not free to move as assumed in biphasic mixture theory.
Cartilaginous tissue is a tissue in which this gel property is dramatic. The pressure in
the intervertebral disk of an unloaded spine, e.g., exceeds 0.1 MPa showing that strong
forces are attracting fluid in the disk. If the disks of the spine were biphasic, they would
very soon loose their fluid content (= 60 to 90 % of their volume), cause the spine to
shorten under its daily load and be unable to perform their function. In fact hygroscopic
macromolecular networks ensure that the fluid component of biological tissue remains
under compression and the fibrous solid remains under tension irrespective of the loads
applied on the tissue. The functionality of this lies in the inability of fibers to take up
compression and the fluid to take up uni- or biaxial tensile loads. The physiological
relevance of the hydrophylic nature of the solid component of biological tissues is clearly
illustrated by the close correlation between water content of the human body and age.
Maintenance of youthfulness is closely associated with the maintenance of hydrophylic
nature of macromolecular networks within the tissue. Smoothness of skin is achieved
by tensile prestressing the skin. Loss of fluid content of cutaneous and subcutaneous
structures necessarily implies wrinkling of the skin. The load bearing capacity of car-
tilage strongly depends on the gellike fluid inside the cartilage layer to transform the
compressive load into a tensile fibre stress. In the literature, finite deformation formu-
lations are found in Huyghe and Janssen (1997) in the isothermal case, in Huyghe and
Janssen (1999) in the non-isothermal case, in Huyghe (1999) for a dual porosity model.
Some experimental work aiming at verifying some aspects of the theory are found in
Frijns et al. (1997) for intervertebral disk, in Lanir et al. (1998) for hydrogel, in Huyghe
et al. (2003) for a dual porosity model of intervertebral disk in Huyghe et al. (2002b,a)
for electro-osmosis experiments. An efficient numerical scheme to deal with isothermal
finite deformation of single porosity gels is give by van Loon et al. (2003).

19.2 Basic assumptions

. We distinguish a solid (superscript s ), a fluid (superscript f ), a cationic component
(superscript +) and an anionic component (superscript —). As is usual in porous media
mechanics we consider trapped fluid (e.g. intracellular fluid) to belong to the solid
because the fluid is not free to move. Part of the solid is assumed to be ionised. In
case of cartilage or intervertebral disk this might be the proteoglycan network which
is negatively charged (they contain COO~ en SOj). The fixed charge density c/° is
expressed per unit volume of fluid. The cationic component is assumed to consist of
only-one-monovalent-cation-(e:gz=Nat) with molar mass M*, molar volume V* and
concentration ¢ per unit fluid volume. The anionic component is assumed to consist
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of only one monovalent anion (e.g. Cl~) with molar mass M~, molar volume V'~ and
concentration ¢~ per unit fluid volume. We assume all phases intrinsically incompressible,

i.e. the intrinsic density
(87

p=la  a=sit- (19.1)

is constant.

19.3 Conservation laws
Excluding mass transfer between phases, the mass balance of each phase is then
written as:
0¢°

ot
in which ¢“ is the volume fraction and v® the velocity of phase a. As we assume
saturation, we find

+ V- (¢%v*) =0, a=s,f,+,— (19.2)

P+l +oT+o7 =1 (19.3)

Differentiation of equation (19.3) and substitution of the mass balance equations (19.2)
vields the differentiated from of the saturation condition:

Vo't Y V(P -v)) =0 (19.4)

In analogy to chapter 4, we refer current descriptors of the mixture with respect to an
initial state of the porous solid. If we introduce volume fractions

% = Jop* (19.5)
per unit initial volume, we can rewrite the mass balance equation (19.2) as follows:

D5
Dt

+JV - [p%(v* - v®)] =0 (19.6)
The electroneutrality condition requires :
C™ =Ct 4l . (19.7)
in which C# is the current molar concentration per unit initial mixture volume:
CP=Jpf? B=+,-, fc (19.8)
As the fixed charges are linked to the solid, we know that

Dscie
5 =0 (19.9)

Differentiation of (19.7) with respect to time yields:

D¢~ D°C*
Dt Dt

(19.10)
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or, after substitution of eq. (19.6),
1 F (gt s 1 ~(ay— s
=V [pT(vT =) = =V [ (v —v°)] (19.11)
14 VvV
in which Vﬂ are the partial molar volumes of the ions.Neglecting body forces and inertia,
the momentum balance takes the form:
V. .o%+7%=0, a=s,f,+,— (19.12)
which after summation over the four phases, yields:
Vo=V.06°+V.-0/+V.6t+V.07=0 (19.13)
if use is made of the balance condition:
mtnlfat 4 =0 (19.14)

o“ is the partial stress tensor of constituent a, ¢ is the momentum interaction with
constituents other than . Balance of moment of momentum requires that the stress
tensor o be symmetric. If no moment of momentum interaction between components
occurs, the partial stresses o also are symmetric. In this paper we assume all partial
stresses to be symmetric. Under isothermal and incompressible conditions, the entropy
inequality for a unit volume of mixture reads:

D*pe
Z <—¢>0‘ +0o%: D% —7*. v"‘) > 0. (19.15)
e Dt

in which U® is the Helmholtz free energy of constituent a per unit volume constituent.
We introduce the strain energy function

W=J Y ¢ur=J Y e (19.16)

a=s,f,+,— a=s,f,+,~

as the Helmholtz free energy of a mixture volume which in the initial state of the solid
equals unity. ¥ is the Helmholz free energy of constituent a per unit mixture volume.
Rewriting the inequality (19.15) for the entropy production per initial mixture volume -
i.e. we multiply inequality (19.15) by the relative volume change J - we find:

—%W + Jo : Vv°
+IV- N (07 —v) 0f — (0P — vy > 0. (19.17)
B=f+,—

The entropy inequality should hold for an arbitrary state of the mixture, complying with
the balance laws, incompressibility, saturation and electroneutrality. There are two ways
to comply with these restrictions. One is substitution of the restriction into the inequality,
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resulting in elimination of a field variable. The other is by introduction of a Lagrange
multiplier. The balance laws and the incompressibility condition (19.1) are accounted for
by means of substitution. The differentiated forms of the saturation condition (19.4) and
of the electroneutrality (19.11) are accounted for by means of a Lagrange multiplier. From
the inequality 19.17 we see that the apparent density and the momentum interaction 7 is
already eliminated from the inequality. In other words the conditions of incompressibility
and the momentum balance have already been substituted into the second law. Therefore,
restrictions still be fulfilled are the mass balances, saturation and the electroneutrality.
The differentiated form of the saturation condition (19.4) is substituted by means of a
Lagrange multiplier p:

D® ff
— € . s
DtW+Jo- : Vo

+J Y [0f + (peP — )] V(0P —v°)
ﬁ=f1+1_

+J Y (v (=VyP +pVeP + V- 0f) > 0. (19.18)
B=f+,—

in which the effective stress ¢/ is defined as
ol = o4 pI (19.19)

Introducing the restriction (19.11) into inequality (19.18) by means of a Lagrange
multiplier A, yields:
—%W + Jott : Vo*
2P
+7 Y P+ (0 + =58 — 9] V(P - )
v
B=f,+,—

+J Z (vP —v*)

B=f+,—

B8
[-VyP +(p f’v—?)wf’ +V.af]>0. (19.20)

in which z# is the valence of constituent 3. We choose as independent variables the Green
strain E, the Lagrangian form of the volume fractions of the fluid and the ions ®?, and
of the relative velocities v#* = F~!. (v —v®), B = f,+,—. We apply the principle of
equipresence, i.e. all dependent variables depend on all independent variables, unless the
entropy inequality requires otherwise. We apply the chain rule for time differentiation of

W:
ow
eff _p. 2 FY) . s
(Jo F 3E F¢): Vov® +
oW D g,
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+Jo? + (uPdP — P : V(vP — v*) (19.21)
+J (WP —v*) - (~VYP + 4PV + V- 0)) > 0.

in which P are the electrochemical potentials of fluid and ions:

f_ ow N
M Y p
ow A
pt= pres +p+ = (19.22)
-1 W - A

Comparison of the above equations to the classical equations of electrochemistry (18.36-
18.40) indicates that the Lagrange multiplier p can be interpreted as the fluid pressure
and A as the electrical potential of the medium multiplied by the constant of Faraday.
Eq. (19.21) should be true for any value of the state variables. Close inspection of the
choice of independent variables and the inequality (19.21), reveals that the first term
of (19.21) is linear in the solid velocity gradient Vv?®, the second term linear in D—vﬁs
and the third term linear in the relative velocity gradients V(v® — v*). Therefore, by a
standard argument, we find:

erf_lp W

- jF 5 F¢ (19.23)
% =0 (19.24)
of = (97 — P )I (19.25)
leaving as inequality:
S IR —v*) (-VYP + 1PV + V- of) > 0. (19.26)

B=f+,—

Eq. (19.23) indicates that the effective stress of the mixture can be derived from a
strain energy function W which represents the free energy of the mixture. Eq. (19.24)
shows that the strain energy function cannot depend on the relative velocities. Thus,
the effective stress of a quadriphasic medium can be derived from a regular strain energy
function, which physically has the same meaning as in single phase or biphasic media,
but which can depend on both strain and ion concentrations in the medium. According
to eq. (19.25) the partial stress of the fluid and the ions are scalars. Transforming the
relative velocities to their Lagrangian equivalents, we find in stead of (19.26):

Z P . [_Vod)ﬁ + Hﬁvo¢ﬂ + V- a'ﬁ] > 0. (19.27)
B=f+,—

in which Vo = F°.V is the gradient operator with respect to the initial configuration. If
we assume that the system is not too far| from equilibrium, we can express the dissipation
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(19.27) associated with relative flow of fluid and ions as a quadratic function of the relative

velocities:
—Voif + iVt + V0P = 3 BT .o (19.28)
'y=f7+1_

B is a positive definite matrix of frictional coefficients. Substituting eq. (19.25) into eq.
(19.28) yields Lagrangian forms of the classical equations of irreversible thermodynamics:
-¢°Vouf = Y B .o (19.29)

y=F+,—

The next sections illustrate that from the above equations several well-known physical
theories can be derived.

19.4 Diffusion Potential

The electric flux through the mixture is

Y Y
i=F 3 ¢_‘§ v (19.30)
y=f,+,— V

1 is defined as the current electric flux through a surface of the mixture which initially
equalled a unit surface. If use is made of (19.29), we find

i=—F Y 2 Y .7yt (19.31)
’Y:fa+7_ ﬁ=f7+7_

in which L?" are the conductances:
¢7¢° (B~

L?
vV

(19.32)

B! is the inverse of the matrix of tensors [B®4]s . =7+ - used in eqs. (19.28-19.29).
Substituting the standard expressions for the electrochemical potentials into eq. (19.31),
we find:

i=|-F Z 27 Z L. (VﬂVOp + RTVolnaﬂ)
y=Ff+,— B=f+,—
—L. -Vt (19.33)

with
L.=F Y > 217 (19.34)
v=Ff+,— B=f+,—
the electrical conductance. At uniform temperature and pressure, when i = 0, the
electrical potential gradient is given by:

~Vot=RL > T?. Vyind® (19.35)
B=f+,—
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with T the reduced electrical transport tensor of component 3:
T’ =FL;'- )  2'L? (19.36)
y=Ff+,—

in analogy to the reduced electrical transport number introduced by Staverman Staver-
man (1952): An integrated form of (19.35) is

2
£y — € = —RT / > [nodso - T? - Voina”] (19.37)
U g=f+,—

in which ngdsg is an infinitesimal segment of the path from 1 to 2, transformed back
to the initial configuration. In the special case of a onedimensional non-deforming
medium (19.37) is the classic isothermal diffusion potential derived by Nernst Nernst
(1888),Nernst (1889) and later by Staverman Staverman (1952). Note that the uncharged
water is also included in the summation.

19.5 Electrokinetic Relationships

The volume flux through the mixture is, in its Lagrangian form:
j= >, ¢ (19.38)
'Y:f7+7_
or, if use is made of (19.29) and (19.32), we find
i=- Y 7V 3 177 (19.39)
y=Ff+—  B=fi+,-

Substituting the standard expressions for the electrochemical potentials into eq. (19.39),
we find:

j=— > V' Y LP.(F:Vot+ RTVoina®) — L, Vop (19.40)
y=frt—  B=ft—
with s
L= Y Y vVve”» (19.41)
y=Frt— B=ft—

If no gradients in chemical activities are assumed, egs. (19.33) and (19.40) reduce to
electrokinetic relationships:

j=-LP -Vop—LP- V¢ (19.42)
i=—LP° Vop— L Vot (19.43)

in which
LF=F " > VL7 (19.44)

y=f+,— B=f+,—
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As a result of the symmetry of the egs. (19.42) and (19.43), a threedimensional form
of the four Saxen’s relations can be found: one connecting streaming current to electro-
osmotic pressure,

)W,e=0 (Vopr)j_o = (D)0 - (Vob)j_0 (19.45)
one connecting streaming potential and electro-osmotic flow,
(1)Wop=0 " (Vop)i_o = (V) w =0 (Vob)i_o (19.46)
one connecting second streaming potential and second electro-osmotic pressure
(@i (Vor)j_o = (9)j_0 - (Vob)i—0 (19.47)

one connecting second streaming current and second electro-osmotic flow,
NVop=0" (VoP) W e—0 = ()W, e=0 - (Voé)w,,—0 (19.48)

19.6 Reconstruction of the biphasic theory of chapter 4

The bophasic theory from chapter 4 Biot (1972) is obtained from the previous by
skipping all the term relating to the presence of fixed charges and ions. Conservation of
mass follows from (19.4):

Vv + V- (¢! (v —v%)) =0 (19.49)
Conservation of momentum is obtained by substitution of eq. (19.19) into eq. (19.13):
V.ot —vp=0 (19.50)
while the stress-strain relationship is given by (19.23)

1. 0w
eff _ 1p. OV pe
o SF -2 (19.51)

in which the strain energy function W depends only on local deformation. Darcy’s law
follows from egs. (19.29) and (19.22):

oW
fayfs — _ K.
¢p'vl*=-K Vo(p+aq>f) (19.52)

in which the term Qq%‘/' is interpreted for immiscible mixtures as the matric potential.

Equations (19.49-19.52) are the biphasic equations derived in chapter 4.

19.7 Recapitulation

The equations In short, the quadriphasic equations are as follows:
The momentum balance of the mixture (19.13) inwhich we substitute eq. (19.19) :

(19.53)

Ol Ll Zyl_ﬂbl
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The mass balance of the mixture (19.4) :
V-0 =V.-¢l(w/ —v*)=0 | (19.54)
The mass balance of the ionic constituents (19.6):

Do
Dt

+JV [ —-v%)] =0 a=+,— (19.55)

The reversible constitutive relationships (19.23) :

ow
e=(det F)™'F- - F°© .
oo =(det F)"'F - o0 - F (19.56)
and (19.22)
f_a_W+
M = 50f D
ow A

M+ = 5(b_+ +p+ j— (19.57)

oW A

w ~ 90— p 7

The dissipative constitutive relationships, containing Darcy’s law and Fick’s law (19.29)

Vo’ = > B v (19.58)
y=+—

The incompressibility of the solid :
(1—¢)det F =1— ¢ (19.59)
The fixation of the fixed charges to the solid (19.9) :
o' det F = ¢fcl° (19.60)

The reversible constitutive relationships are described by one function : the strain en-
ergy function W. The dissipative constitutive relationships are described by a symmetric
semi-positive definite matrix B. W depends on the deformation of the solid, the volume
fraction of the fluid ®/, cations ®T and anions ®~. Equation (19.54) says that the vol-
ume change of the porous solid, expressed as the divergence of the solid velocity v?, is
caused by in or outflow of fluid. This flux depends in turn on the gradients of chemical
potential of the fluid, and of the electrochemical potentials of the ions according to eq.
(19.58).

Equations (19.55) are the mass balance of cations and anions, in which the relative
ionic velocities v® — v® = F - v*° are expressed as a function of gradients of (elec-
tro)chemical potentials by egs. (19.58) .
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Boundary conditions As for single-phase materials momentum balance of the bound-
ary is compulsory :

[(0e—pI)-n]=0 (19.61)
with n de outer normal along the boundary. From egs (19.58) we can infer that the
following jump conditions should hold along the boundary :

Vin1=0 (19.62)
[VTut] =0 (19.63)
V-~ ]=0 (19.64)

because the fluxes across the boundary cannot be infinite .

19.8 Example of a constitutive relationship

We take the example of a material complying with linear isotropic elasticity and
Donnan-osmosis (figure 5.3). In this case the strain energy function W takes the form :

W= uo/Nf+ pgt N+t + o~ N~ — RTT (ﬂi + I—VV;) In(N¥) +

+RTY (Il —1) + (19.65)

+RT Y- (ln% - 1) + 2:trEtrE+ u,E : E

in which T" is the osmotic coefficient, f* the activity coefficient of the cations, f~ the
activity coefficient of the anions, A, and g, the Lamé constants. From egs. (19.56) and
(19.57) we derive expressions for the stress and the (electro)chemical potentials :

o = LF - (\ItrE + 2uE) - F° (19.66)

u = uo’ (T) +p~ RIT(c* + c—) (19.67)

o=t () +p+ RTan—(—’Aj:—)F + 2 (19.68)
- = RT fFNT X

p =~ (T)+p+ Fine o (19.69)

In eq. (19.67) we identify the chemical potential in the same way as in chapter 5. It is
the difference between the mechanical pressure p and the osmotic pressure pi given by
eq. (18.65). The egs. (19.68-19.69) are consistent with the expression (18.41) for the
limiting case of a dilute solution (I' — 1 and f# — 1).
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Abstract Examples of chemo-mechanical couplings are presented briefly. First, the
notion of a semi-impermeable membrane is introduced together with the concept of
osmosis. Chemical contraction and swelling are illustrated in chemically sensitive
clays and articular cartilages. The heart muscle provides a prominent instance of
electro-chemo-mechanical coupling. Reverse couplings play an important role in
the engineering of soft tissues. Microstructural aspects of the chemically sensitive
materials highlight the ubiquitous electric charges that promote the couplings.

1 Introduction

Chemo-mechanical couplings occur in many engineering and biological fields. A typical
instance is swelling that has relevance in clays, soft tissues and polymer inter alia.

Swelling is an important property of soils being exploited or fought, or engineered in a
variety of circumstances, from laying foundations, to setting hydraulic or contamination
barriers, to petroleum drilling. Swelling may cause a non-uniform soil heave, resulting
in damage of over-structures, or weakening of bore walls in petroleum drillings. On the
other hand, swelling of bentonite is taken advantage of to build barriers to water flow,
or contaminant transport in hazardous and nuclear waste disposal technologies.

Swelling of soils is generally understood to be driven by capillary forces and/or by
chemical gradients. The former one, termed matric swelling, occurs when soil is unsatu-
rated. The latter one, termed chemical swelling, is characteristic of so called expansive
clays, rich in mineral smectite, and occurs when there exists a positive difference in
concentration of certain species in the soil and in the water in contact with the soil.
Typically, these species are metallic ions (Na™, K+, Ca?*, etc...).

Gels are also highly susceptible of swelling. Gels are aqueous environments that
contain soluble components, e.g. metallic ions, and insoluble structural molecules. The
articular cartilage, and the corneal stroma, are instances of extracellular biological gels in
which the structural molecules are located outside the cells, and so form the extracellular
matrix. In contrast, the muscle is an intracellular gel in which the myosin filament has
a diameter comparable to that of collagen in articular cartilage.

Swelling in non-ionic polymers is traditionally traced to the volume exclusion concept,
according to which in a very dilute solution in a good solvent each molecule tends to
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exclude all others from the volume it occupies, Flory [1953]. In ionic polymers, electrical
repulsion between fixed charges provides another source of swelling. The presence of
mobile ions, due to electroneutrality, shields these repulsive forces, but is not sufficient
to make them vanish, unless at very high concentrations, referred to as hypertonic state.

Electro-chemo-mechanical couplings are also exploited by engineers. For example,
electro-migration is used to remediate soils polluted by heavy metals, electro-osmosis to
consolidate soils.

In biological tissues, couplings arise as processes to maintain a certain equilibrium:
swelling of articular cartilages opposes the water depletion that would occur due to
mechanical compression. In some instances, they are driving processes: the cardiac
function is a typical process of electro-chemo-mechanical coupling. A common feature to
most, if not all, these examples is the presence of fixed electric charges that play a key
role in promoting the couplings.

Reverse couplings, e.g. mechano-electric feedback, are less studied. They appear
nevertheless to be at work in many instances of the development of biological organs.
Indeed, while in vitro cultures of engineered soft tissues are able to induce cell prolifera-
tion, the mechanical properties of the tissues are not satisfactory. Mechanobiology aims
at defining mechanical loading programmes that improve these properties.

2 A Semi-Permeable Membrane and the Osmotic Effect

pressure p,

pressure p

n
pressure p

water xW

‘ pressure p,

water xV,

water x%

salt xs salt xs

salt x5,

Figure 1 A membrane permeable to water only separates a bucket in two parts. Initially, the
chemical content and load is identical on both sides. Addition of solute in side 1 triggers
a transfer of water from side 2 to side 1 and the applied load required by equilibrium is
larger in side 1.

This first example introduces the notion of chemical potential as a vehicle to explain
the concept of osmosis.
Consider a bucket separated in two parts by a membrane impermeable to solute !.

!Unlike the usual presentation which uses a thin U-shaped tube, gravity is neglected here and
the mechanical loads are applied by external agents. In the usual presentation, the external
load on both sides of the tube is the atmospheric pressure and the difference of pressures gives
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Initially, the two sides of the membrane, numbered 1 and 2, have identical chemical
content, water w and solute s, and are submitted to the same external pressure p. At
any time, the molar fractions satisfy the identities i’ + 27 =1 and z¥ + z§ = 1.

The mechanical potential of water at pressure p and molar fraction 2% is 2

g =v"p+RT Inz", (2.1)

with v* molar volume of water, R is the universal gas constant and T the absolute
temperature. Since only water can transfer through the membrane, chemo-mechanical
equilibrium along the membrane is phrased in terms of the chemical potential of water
only. The initial concentration of solute is very small, so that:

Initial equilibrium : p1 =po, z¥ =25 ~ 1, 2] =25 ~ 0. (2.2)
Salt is then added on side 1:
Add solute: Az] >0 = Az} =-Az] <0. (2.3)

The short term rate of mass transfer of water through the membrane is assumed to
be governed by the following law defined by a constant k > 0 representative of the
permeability of the membrane to water (motivation for and generalization of this law
will be addressed be later),

Law of transfer : mY = k(Agy — Ag})
(2.4)
= k(0 —(—RTAzj)) instantaneously.

Consequently, we have
Rule 1: flow is directed towards the region of higher solute concentration.

The final equilibrium, corresponding to a vanishing flow through the membrane, oc-
curs when
97 ~vYpr —RT 2] = g3 ~v¥py— RT x5 (2.5)

This result is encapsulated as
Rule 2 or van’t Hoff law:  pressure is higher where solute concentration is higher,
namely

p1 —p2 = RT (x] — x3) /v > 0. (2.6)

Hence, osmotic effect generates a counterflow to usual Darcy flow. The chemical potential
may be phrased in terms of concentration, e.g. ¢* = z°/v", instead of molar fraction.
The osmotic pressure is defined as

7=RTc. (2.7)

rise to different elevations of water on the two sides of the tube.
2In this section, we use mole-based chemical potentials following the usual convention of text-
books of physical chemistry.
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So far, the membrane was assumed to be completely impermeable to solute. More
generally, the permeability of the membrane for the solute can be introduced via the
reflection coefficient or osmotic efficiency w (hence w is a property of both the membrane
and the solute). The osmotic efficiency varies between 0 and 1, and is equal to 0 for a
completely permeant solute and to 1 for an non-permeant solute (as assumed above).
Then the law of transfer of water has to be modified. For that purpose, we need the
chemical potential of the solute. An approximative expression for dilute solution is

¢ ~RT Inz®. (2.8)
Then, noting kys = ky (1 — w), the general mass transfer law is

my = ku(Agy — Agl) + kus(Ags — Agf),
(2.9)

Il

ky vV (Apl - Apy —w(Am — A7r2)) .

Therefore, for any non completely permeant solute, i.e. w # 0, one should exert a
pressure differential, proportional to the osmotic coefficient, to reach a steady state, that
is to stop water flow:

Ap; — Aps = w(Am — Amy). (2.10)

The law of transfer for the solute involves its diffusional properties through the membrane,
mi = ksw(Agy — Agi’) + ks(Ags — Agi),

(2.11)

=kwﬂmﬁMrwmrmm.

For a non-permeant solute, w = 1 and, in addition, Y = 1 — ks/c® ks has to be finite.
Complete equilibrium is defined by the equality of the chemical potentials of both
water and salt, and more generally of all (even partially) permeant species.

We have seen that osmosis requires a membrane to develop. Crucially, membranes are
selective. A species is endowed with a transfer time. An infinite transfer time practically
prevents a species to cross the membrane. Transfer times depend, inter alia, on the size,
polarity, molar mass of the species. Membranes may be well defined objects, natural
like the ones that limit cells or engineered, for example clay barriers to prevent leakage
of pollutants. They may also be fictitious: in cartilage, steric considerations prevent
macromolecules to enter the space defined by collagen fibers.

3 Influence of the Pore Composition in Clays and Soft Tissues

3.1 Chemical Consolidation and Swelling in Clays

Ionic strength in homoionic clays. Swelling of clayey soils is an important factor
in their engineering, but the accurate prediction of its amount and its consequences have
been eluding engineers for several decades. Chemical swelling here will cover both crys-
talline swelling due to absorption of water into interlamellar space and osmotic swelling
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(b) Experimental data on Ponza bentonite, Di Maio (1998).

Figure 2 Successive replacements of pore solution by NaCl and KCl saturated solutions during
oedometric tests at constant vertical stress of 40kPa. Evolution of (a) the settlement and
(b) the volumetric strain. Increase of salt concentration implies chemical consolidation,
and KC] stiffens more the clays than NaCl. The stiffening effect due to cation exchange
seems mostly reversible. Replacement of cations initially present in Ponza bentonite by
cations Na* is slow, progressive and requires several cycles to get steady.

due to adsorption of water to the external surface of clay particles, and no distinction
will be made between adsorbed and absorbed water.

Montmorillonites are particularly sensitive to the composition of their pore water.
Figure 2-(a) shows the time evolution of the vertical settlement in a oedometric test.
The sample is in contact with a reservoir of controlled chemical composition. Initially
the reservoir is distilled water (dw). The sample is first mechanically compressed by the
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application of an instantaneous load and this results in a mechanically induced consoli-
dation which tends to stabilize in few days. Next, while the load is kept unchanged, the
water of the reservoir is NaCl-saturated. A significant chemically induced consolidation
develops. The consolidation time is of about the same duration as for mechanical con-
solidation. When the reservoir chemistry is refreshed, the sample undergoes a volume
expansion, termed chemical swelling, that requires a few weeks to stabilize.

The resulting volume change upon the chemical cycle turns out here to be positive
(expansion). In general, it is the result of mechanisms which might compete or cooperate:

- cations are attracted by the negatively charged clay clusters, they are hydrated,
and this gives rise to absorbed water.

- the cations initially present around clusters may be ‘displaced’ by other ions which
have a higher affinity for the clay charge. Later, in the context of the theory of mix-
tures, we shall use the terms ‘transfer’ and ‘exchange’ rather than ‘displacement’.
Ton exchange may result in an expansion or contraction;

- as aresult of the osmotic effect, absorbed water in between clay platelets is desorbed
when the salt concentration in pore water increases, the overall stiffness of the clay
is increased, and this results in volume decrease. The converse occurs when pore
water is desalinized.

- plastic contraction may develop, especially at large mechanical stress.

Ionic replacements in clays. The reversible or irreversible character of the material
response to a chemical loading is thus difficult to be defined because it involves a number
of physical aspects, as well as microstructural features of the clays.

Reversibility can be assumed as a first rough approximation. Let us illustrate this
statement by an example.

Figure 2-(a) shows that saturation of the fresh reservoir by KCl results in about the
same consolidation as that induced by NaCl. However, later refreshment of the reservoir
implies a very small swelling. The phenomenon is due to displacement of ions Na* by
ions KT, and this stiffens considerably the material behaviour, as advocated in the model
developed in the Chapter ‘Constitutive Equations for Heteroionic Clays’.

To recover approximately the initial volume, a complete symmetric chemical cycle
should be performed, that is dw NaCl - dw KCI dw - NaCl dw, as confirmed by Figure
2-(b).

The latter figure shows that a number of cycles dw NaCl dw are necessary to reach
steady state. This might be traced to the fact that the transfer times of ions is long with
respect to the time scale of the chemical cycles.
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3.2 Modification of the Electrolyte Circulating an Articular Cartilage

Homoionic cartilage. The articular cartilage is a porous medium that provides nor-
mal compliance so as to minimize friction at joints. A key constituent are the negatively
charged proteoglycans (PG’s). The skeleton of cartilage is formed by collagen fibers who
resist both the external loads and the chemical pressure exerted by PG’s.

The latter depends much on the repulsive forces between PG’s, which are themselves
function of the ionic content of the electrolyte, in communication with the synovial fluid,
that circulates the cartilage. The macroscopic outcome of these nanoscale interactions is
a compressive stress that decreases when the electrolyte changes from distilled water to
a salt-saturated solution, Figure 3.
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Figure 3 Confined compression test on bovine articular cartilage by Eisenberg and Grodzin-
sky [1985]. The sample is in contact with a bath of controlled salinity. Sufficient time
is left after each modification of the bath salinity to reach steady state. The complex
loading path involves successive confined compression, at fixed bath salinity, and increase
in bath salinity at fixed strain. Shielding of negative charges of proteoglycans by salt
reduces the repulsive forces and the overall compressive stress. The apparent moduli are
thus maximum when the salt concentration of the electrolyte is minimal, and minimal
when the salt concentration of the electrolyte is maximal.
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Ionic replacements in an articular cartilage. Owens et al. [1991] have performed
uniaxial traction tests on specimens of bovine articular cartilage, harvested from the
superficial zone of the medial patello-femoral groove, parallel to the split-line orientation.
Pre-equilibration is performed at constant axial tensile strain of 5%, relative to the
largest free swelling strain, under distilled water. The bath chemistry is then modified as
indicated by Figure 4. Data show that shielding by calcium is more important than by
sodium. On the other hand, the hypertonic state is universal: the nature of ions matter
in the shielding process at low to moderate salinities only.

Consequently, in articular cartilages like in clays, what matters is not an overall
salinity of the electrolyte including all ions, but the concentration of each ionic species
itself.
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Figure 4 Uniaxial traction experiment on bovine articular cartilage by Owens et al. [1991].
At a given axial strain of 5% counted from isotropic free swelling, the bath chemistry
is modified instantaneously at the instants denoted by an arrow. Sufficient time is left
however for equilibrium to be reached before further modifications.

The presence of proteoglycans in the cartilage gives rise to a certain chemical pressure
peﬂ. For this strain, the chemical pressure p°¥ is maximal for a fresh bath and decreases
as salinity increases. The collagen fibers resist the external load and the pressure p° by
stretching. Since the strain is given (in fact in the axial direction only), decrease of p°f
implies the external load to decrease as well. The reverse phenomenon occurs when the
water of the bath is refreshed. The difference in response to the two salts can be traced to
the fact that the chemical pressure due to calcium ions is smaller than to sodium ions, if it
is assumed that initially only sodium ions exist in the cartilage, Simdes and Loret [2003].
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4 The Heart Muscle, and Cell Electrophysiology

The human heart beats about 87 times per minute. Functionally, each beat involves a
passive stage (intake of blood) and an active stage (expulsion of blood). For the organ
itself, the process is crudely as follows:

- step 1: electrical conduction: the sino-atrial node, which has a larger eigenfrequency
than the other parts of the heart, is the cardiac pacemaker. It sends a signal
that travels through a dedicated net: the signal reaches first the atria, and next,
through the His bundle and the Purkinje net, it circulates the ventricles, from
the endocardium to the epicardium: the epicardium has received the electrical
impulsion after about 200 msec;

- step 2: action potential and calcium release: the electrical signal induces a de-
polarizing current across the membrane of the cardiac cell (the myocyte) which
gives rise to the action potential: the resting potential difference of -90mV in-
creases temporarily, a small amount of plasmic ions Na™ enters the cell through
dedicated channels, and this intake in turns produces a huge modification of the
internal repartition of ions Ca?+, the latter being temporarily released from the
sarcoplasmic reticulum;

- step 3: establishment of cross-bridges and force development: calcium is used
immediately: binding to the low affinity site of Troponin C, calcium induces a
change of conformation of the tropomyosin that makes possible myosin heads to
establish a bond with actin sites: this is the relative sliding of the myosin and actin
filaments that develops a force.

The time course of the process for human muscles is shown in Figure 4 of the Chapter
‘Transfer through Membranes and Generalized Diffusion’.

Cell electrophysiology models aim at describing the many currents and cytoplasmic
fluxes that develop, e.g. Figure 5. Some of these currents and fluxes are driven by
ionic pumps, that require energy. The biological energy unit ATP is produced by the
metabolism. In fact, the proportion of energy used by ionic pumps is small with respect
to that necessary to ensure the bond of the myosin head on the actin sites for force
development. Many models of muscle behaviour use the cross-bridge theory of Huxley
as a basic ingredient.

It is important to highlight that this description corresponds to

- an electro-chemical coupling, i.e. the electrical current induces a change of ionic
concentrations in the cardiomyocytes, followed by

- a chemo-mechanical coupling, i.e. the temporary increase of calcium concentra-
tion allows a relative motion of the myosin and actin filaments that implies force
development.

But none of these two steps involves a priori a feedback, that is

- neither a mechano-chemical effect, i.e. the force developed by the muscle does not

influence the chemical intra- or extra-cellular concentrations.

- nor a chemo-electrical feedback, that is the electrical current created by the ions

moving in and out of the cells does not modify the electric signal originated from the
sino-atrial node.
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Figure 5 Sketch of the successive steps of a cardiac period. The signal starts from the sinusal
node and reaches quickly the endocardium and then the pericardium. It gives rise to
a potential difference across the cell membrane, which in turn triggers complex current
between the cytoplasm and the extracellular milieu as well as intracellular fluxes. The
main effect is a temporary release of calcium which is necessary to ensure cross-bridge
cycling and force development. The central sketch illustrates the membranar currents and
intracellular fluxes in the cardiomyocyte electrophysiology model of Winslow et al. [1999].

ol Lalu Zyl_ﬂbl




Chemo-Mechanical Interactions in Geological and Biological Materials: examples 135

However, due to some physiological observations, e.g. commotio cordis, there has
been recently a renewed interest in so-called stretch-activated ionic channels, through
which mechanics impacts directly on ionic currents. We will come to implicate another

type of mechano-chemical feedback in Section 7.1 in view of mechanical tests on muscle
fibers.

5 Electrokinetic Remediation
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Figure 6 Sketch of electrokinetic remediation. By convention, the electrical current in the
circuit flows in the direction opposite to electrons. By electromigration, cations move
towards the cathode and anions move towards the anode with velocities depending on
individual ionic mobilities. Electro-osmosis implies a water flow towards the cathode,
when the acidity is not too high, i.e. electrical charge of clay below isoelectric point. For
higher acidity, a reverse osmotic flow occurs.

Electrokinetics has been used in environmental applications in various directions that
take advantage, enhance or decrease some properties of clays and clayey soils: to assess
and optimize the impermeability of barriers to contaminants, to extract pollutants from
contaminated soils, to inject nutrients in order to enhance bioremediation of some wastes,
or to inject chemicals that improve the mechanical properties.

Electrokinetic remediation aims at removing heavy metals (lead, cadmium, chromium,
copper, strontium, ...) from several types of clays, including kaolinites and montmoril-
lonites, as well as organic pollutants dissolved in contaminated soils (acetic acid, phenol,
gasoline, hydrocarbons, ...). For example, Acar et al. [1994] present results that illustrate
the efficiency of the method to extract cadmium from saturated kaolinites, while the data
reported by Eykholt and Daniel [1994] concern removal of copper also from kaolinites.
A review of experimental results up to 1990 is presented by Acar [1992].

The modeling of electrokinetic remediation processes has so far mainly assumed a rigid
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solid skeleton. Advection of contaminants by water flow is accounted, but models differ
in the way they include ionic mobility of the various species present in the pore fluid, and
in the number of electrochemical reactions included. A terminology has emerged that
precises the key physical properties triggered. Electro-osmosis denotes the process of
transport of water induced by a gradient of electrical potential through low permeability
soils. In the context of soil remediation, it can used to remove soluble electrically neutral
species, Figure 6. It has applications in the improvement of barriers to contaminants:
solutes moved by advection to the cathode region can be contained. Electro-migration
on the other hand addresses the removal of ionic species from fine-grained soils.

Pamukcu and Wittle [1992] compare the removal efficiency of soils in the extraction
of Cd?*, Cu?* and other metals. They observe that kaolinites have the highest removal
efficiency and montmorillonites the lowest, that is low activity and low ionic strength
promote removal.

Experiments consider contaminant concentrations, of e.g. Cu?* and Pb?*, usually
lower than 5-10mg/g of soil and the electrical current density is about 0.3-0.5A/m?.
Higher concentrations, pollutant up to 10% of dry weight, require current density of
up to 10 A/m?, Alshawabkeh et al. [2002]. Note that higher concentrations enroll more
electromigration than electro-osmosis.

In order to improve the efficiency of remediation processes, enhancement techniques
are tested, like addition of acid at cathode to desorb cations, addition of EDTA ( ethylene-
diamine-tetra-acetate) that enhances complexation of desorbed cations, use of semi-
permeable membranes close to cathode (to prevent migration of hydroxyl ions towards
the anode), and optimization of the position of electrodes. Indeed, there are two keys
to successful electrokinetic remediation of metal contaminated soils: first to extract the
cations from solid phase, second to keep the desorbed cations in fluid phase so as to move
them to electrodes either by electromigration to cathode or by electro-osmosis when com-
plexated. Of course, addition of acid is of theoretical help in both steps, but the quantity
required increases prohibitively for soils with high buffer capacity. The buffer capacity
of a system is defined as the amount of strong acid that causes this system to have a
pH change of one unit. In addition, acids are hazardous substances. That is one of the
reason of the use of a strong anionic complexing agent by Yeung et al. [1996].

Alternative substances, like polyphosphates, are used to increase the negative charge
of clays for specific purposes, e.g. enhance the adsorption of heavy metals.

6 Structural Description and the Electrical Charge

6.1 Basics of Clay Mineralogy

The clay particles are not electrically neutral due to uncompensated lateral termina-
tion sites in kaolinites and isomorphous substitutions, Figure 8.

Isomorphous substitution, particle charge. Typically, when two ions have non-
hydrated sizes that do not differ by more than 15% and valences by more than unity,
they can exchange in the clay sheets: this phenomenon, called isomorphous substitution,
leaves the clay with a fixed negative charge.
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Figure 8 Idealized structures of kaolinites and smectites. The mineral struc-

ture consists of tetrahedral:octahedral (1:1) stackings for kaolinites and tetrahe-
dral:octahedral:tetrahedral(2:1) stackings for montmorillonites. In the latter, the bonds
between the structural units are weak, so that layers of absorbed waters and cations
may enter the interlayer spaces and produce swelling. At neutral pH, the cation ex-
change capacity is about 3-15meq/100gm for kaolinites and much larger for smectites,
80-150 meq /100 gm, Figure 10. Tetrahedral sheets consist of Si*" at the center with O?~
at the vertices. Octahedral gibbsite and brucite sheets consist of AlI®* and of Mg?*
respectively, surrounded by OH™.
The net charge of these idealized structures is zero. However, a number of substitutions
occur in actual structures, so-called isomorphous substitutions, that overall induce a neg-
ative net charge. Starting from the uncharged pyrophyllite Alo(OH)2Si4O10, typically for
montmorillonites, Mg?* atoms replace one over six Al1®* atoms, which implies a negative
charge of -0.66 per cell, which is compensated by exchangeable cations which are admitted
in the interlayers: as they are hydrated, their absorption/desorption induce significative
volume changes. Beidellite is obtained by replacement of silicon atoms Si** by aluminum
atoms starting from pyrophyllite as well. On the other hand, for kaolinites, the substi-
tutions are less important, typically one AI** replacing one over 400 Si**. Since there
is no interlayer separation in kaolinites, ions that balance the charge can only adsorb to
the exterior edges and faces. Because the hydroxyl ions are present on egdes and faces,
kaolinites are very sensitive to changes of pH, and they are positively charged at low pH
below the isoelectric point, and negatively charged at moderate to high pH above the iso-
electric point, Figure 10. Montmorillonites and illites, whose charge is due to isomorphous
substitution, are sometimes called fixed charge clays. Kaolinites whose surface charge is
due to broken bonds along the edges of the sheets are called variable charge clays. Illites
are 2:1 materials but the interlayers are bonded by K% and they do not swell. In fact,
only 5-10% of the negative charge on 2:1 layer silicates is pH dependent whereas 50% or
more of the charge developed on kaolinites can be pH dependent.
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Figure 9 The nature and amount of ions that adsorb on the surface of clay sheets, or absorb
in the interlayer space, depend on the clay type. At extreme pH, the clay mineral, and
consequently the electrical charge, may be modified for clays sensitive to pH like kaolinites.
The thickness of the arrows is proportional to the intensity of the exchange.

Literature indicates that the hydrogen ions can replace other exchangeable cations, even
of higher valence. The H" ions can also fix to the hydroxyl groups XOH of the mineral,
or to the oxygen termination sites, XOH + H* = XOHF, XO~ + H* = XOH.

Montmorillonite silica layers are weakly bonded and they are therefore subject to
swelling, a volume increase due to the absorption of hydrated ions in the interlayers,
Figure 8. Since at usual pH, the clay surface is negatively charged, the above ions are
cations, that absorb (resp. desorb to) from the water phase. Common exchangeable
cations are Ca?t, Mg?" H*, K*, NH,*, Na*, and common exchangeable anions SO?~,
Cl~, PO43~, NO4~. The ability of a clay to exchange cations (resp. anions) is charac-
terized by its cation exchange capacity (resp. anion retention capacity).

There are several measures of electrical charges in clays, depending on the volume
in which charges are counted. In any event, all structural charges within and on the
minerals as well as adsorbed H' are included. When the volume is limited by the Stern
layer (the Stern layer consists of tightly bound cations surrounding the clay surface),
the transition pH between a negative and a positive overall charge is termed point of
zero electrical charge. When the reference volume extends further to the plane of shear
between solid and fluid, as in the definition of the (-potential, the total, or net, charge
changes sign; together.with.the.(-potential, at the pH called isoelectric point. The point



Chemo-Mechanical Interactions in Geological and Biological Materials: examples 139

A isoelectric
40— .

= point
E 20b I kaolinites
§ 0 §\7\;\;\ } 1 ! »
g.. 200 2 6 ~8—10—12 pH
g 40~ illites
g -60
_§ -80
S -100+
g -120F Wlonites

-1401-

Figure 10 Qualitative evolution of the electric charge of clays as a function of pH, gathering
information from literature. The electric charge is measured in different units, e.g. @, in
meq/100 gm of clay=centimole/kg, or o, in Coulomb/m?. These two quantities are related
through the specific surface s in m?/kg and Faraday’s constant F = 96487 Coulomb/mole
by 0p = @pF/s. The valence ¢ is equal to 107° Q, m™ where m™ is the molar mass
of the clay in gm. The specific surface s is about 10x10® to 20x10® m?/kg for kaolin-
ites, 65x10° to 100x10* m?/kg for illites, 700x10° to 840x10%® m?/kg for montmoril-
lonites. So for a montmorillonite of molar mass m™ =382 gm, an electric charge Qp=
-100 meq/100 gm=1 mole/kg is equivalent to ¢, = —0.125 Coulomb/m? and to ¢ =—0.382.

of zero net proton charge corresponds to the pH where the variable charge vanishes.

Structural change due to pH. In an electrokinetic process, as they move away from
the anode, hydrogen ions H* in the electrolyte solution extract cations absorbed in the
clay clusters: desorbed into the electrolyte, these cations will be attracted to the cathode
where they can be disposed of. The basic property in force is that, at pH 7 or higher, the
clay particles are negatively charged on their surface. So in a superficial view, cations
H* are much more likely to absorb to the clay clusters than anions OH™, which are a
priori electrically repulsed. Said otherwise, acid solutions are able to dissolve metallic
cations; decreasing the pH=-log [H] T, i.e. acidification of the soil, improves desorption of
heavy metals from clays and solubilize them in pore fluid, while precipitation of metallic
cations occurs as the pH increases.

At pH 7 or higher, clay minerals have hydroxyl OH™ termination sites on their edges
and faces. As pH increases, the dissociation/deprotonation Me-OH — Me-O~+H™, or
Me-OH~+OH~ — Me-02~+H,0, that makes the charge more negative, is favored (Me is
ametal, e.g. Si). On the other hand, as pH decreases, fixation of H* /protonation, makes
the overall charge of clay particle less negative, and even positive. In fact, fixation of H
on these sites, Me-OH~™+H* — Me-HOH, further weakens internal bonds and leads to
the release in the solution (dissolution) of multivalent ions, which become exchangeable,
and possibly might further precipitate. Small radius multivalent ions, like A3, play a
prominent role here in reducing the absorbed water content for several reasons. First,
theysrequireglessyvolumerandypsecondpthe repulsive electrical forces that would be due to
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three monovalent cations vanish. Not surprisingly, Chen et al. [2000] observe that increase
of the valence of cations of the pore electrolyte, namely successively NaCl, CaCl; and
AlClg, leads to higher and higher compaction.

Alternatively, protons might only replace a univalent cation which is released into
solution, so called hydrolysis, e.g. K-silicate + HtOH~ — H-silicate + KTOH~.

Note that kaolinites are said to be more sensitive to pH than montmorillonites because
the former have OH™ termination sites on the octahedral faces and edges while OH™
termination sites exist on the edges only for the latter, see Figures 8, 9. The faces are
negatively charged at any pH. The edges contain silica and alumina and their charge is
positive at low pH and negative at high pH. Montmorillonites and illites, whose negative
charge is due to isomorphous substitutions, are actually sometimes called fixed charge
clays while kaolinites whose negative charge is due to broken bonds are known as variable
charge clays. At low pH, the charge of the latter become positive. A direct consequence is
that contaminant cations, like Pb2*, are more easily extracted/desorbed from kaolinites
than from illites at low pH. Cation exchange for illites is practically independent of pH,
in contrast to kaolinites. Therefore, for soil remediation processes, acidification is not an
efficient technique for illites.

On the other hand, montmorillonites are very active clays in the sense that change
of pore liquid composition implies large volume changes at constant load. Kaolinites are
much less affected by pore liquid composition.

Figure 10 shows a qualitative variation of the electric charge of clays with pH. Clearly,
the material properties that depend directly on the clay charge, e.g. the (-potential,
the electro-osmotic coefficient, are thus pH-dependent, strongly for kaolinites but quite
moderately for illites and montmorillonites.

Clay clusters, absorption. Fundamental to understanding and modeling of chemi-
cally driven swelling of expansive clays are their microstructure and organization of their
pore space and water. For smectites, this microstructure is dominated by clusters of
parallel arranged platelets of clay mineral separated by 10-20 A interlamellar pores filled
with few one-molecule layers of water, called interlayer water, or internal absorbed water.
This water has properties, such as density, or viscosity, slightly different from those of
free water. Interlayer water does not flow, even when subjected to high hydraulic gradi-
ents, and it deforms together with the solid part of clusters. Clusters are enveloped by
external adsorbed water, up to seven molecular diameter in thickness. For Montmoril-
lonites, clusters of width 1 to 10pm may contain from 5 to 15 three-layer units and up to
1000 units in compacted clays. Clusters in kaolinites have width from 0.1 to 4um, and
thickness usually from 0.05 to 0.1pym=60 to 120 two-layer units.

Ordinarily, clusters are separated by pores with the characteristic size of the order of
1 micrometer and more. Water that resides in such pores is called free water. Indeed,
this water can be displaced by ordinary hydraulic gradients.

Swelling of compacted clays develops in two distinct regimes. During swelling at the
lowest water contents, called crystalline swelling, interlamellar space adsorbs water, until
it is filled with three or four molecular water layers. After the interlamellar space has
been saturated with this amount of water, water starts to adsorb to the external surfaces
of clay particles, producing osmotic swelling. However, the model presented hereafter
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- an electrolyte with water as solvent and dissolved dissociated salts NaCl and CaCls;

- the collagen fibers that resist external tensile loads and chemical pressure;
- the negatively charged proteoglycans (PG’s).

The mass=distribution in-depth is taken from Mow and Guo [2002].

Figure 11 The main components of articular cartilages are:
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Figure 12 pH affects the electric charge, and therefore the electrostatic repulsion. At the
isoelectric point, the electric charge is presumably zero. (a): axial stress in a uniaxial
traction test relative to its value in distilled water, data on bovine articular cartilage from
Grodzinsky et al. [1981]; (b): relative hydration (=wet weight/dry weight - 1), data on
bovine cornea from Huang and Meek [1999)].

does not pretend to address such details, and we shall gather crystalline and osmotic
swelling under the term chemical swelling and make no distinction between adsorbed
and absorbed water, both being parts of the solid phase.

6.2 Structure of Articular Cartilage

The negatively charged proteoglycans. The proteoglycans are responsible for the
swelling behaviour as they repulse themselves and originate a ‘chemical’ pressure. The
repulsion force is however shielded by the presence of ions: in the hypertonic state
(high ionic concentration), the repulsive force is minimum and the structure tends to
collapse. The proteoglycans are macromolecules of molar mass 2x10° gm, with effective
concentration (=concentrationxvalence), of 0.1 to 0.2 M. Their mass consists for 85%
in glycosaminoglycans (GAG’s) and for 15% in proteins, Figure 11. GAG’s contain 80%
of chondroitin sulfates of charge -2 and 20% of keratan sulfate of charge -1, so that the
valence of PG’s varies from -6000 to -8000.

The effect of pH in articular cartilage and corneal stroma. As pH decreases,
the ions HT fix onto the proteoglycans and decrease its electric charge. At given ionic
concentration, the electrical repulsion between PG’s decreases and therefore so does
the macroscopic chemical pressure, Figure 12-(a). Note that however the picture is
complicated by the fact that, at low, and high pH, the collagen becomes charged, while,
at physiological pH, it contains nearly equal numbers of amino and carboxyl groups,
NHZ and COO~, and hence it has almost no net charge.

The corneal stroma presents many structural similarities with the articular cartilage.
The collagen fibers form lamellae whose orientation aims at maximizing the transparency
of the cornea. The stroma has an innate tendency to swell without limit, because the
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crosslinks between collagen fibers are not strong enough to oppose the chemical pressure,
unlike in cartilage. However, a too large hydration tends to generate inhomogeneous
repartition of the absorbed water and to form ‘lakes’, that decrease the transparency.
The later is ensured by endothelial pumps that drive bicarbonate ions HCO; out of
the cornea, thus maintaining ionic strength and hydration to acceptable levels. The
phenomena are pH dependent, Figure 12-(b).
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Figure 7 (a) Upon rapid muscle shortening, the tension is suddendly reduced but it does not
recover its value after transients are wiped off, even if the elastic correction is applied.
(b) The increase of the isometric tension with the concentration of calcium binded to
Troponin C is ‘length-modulated’.

7 Reverse Couplings

The above examples address essentially the effects of the chemical composition on the
mechanical properties. Conversely, the mechanical environment may influence the evo-
lution of the chemical composition in time. As an example, consider the influence of
confinement on the breaktrough time of a diffusion process. Here are others examples.

7.1 Mechano-Electric Feedback in the Heart Muscle

Commotio cordis and stretch-gated ionic channels. Stretch-activated ionic chan-
nels located on the membrane of cardiac cells (SAC’s) are still subject to debate because
they have not been cloned in adult mammalian myocytes but observed in cultured cells
and in young cells. Interest in these channels has been renewed due to their link to com-
motio cordis which is observed in young adults, because they may originate arrythmias
and fibrillation. The Oxford group has contributed to suggest models and stress the
physiological importance of the phenomemon. Commotio cordis is characterized by a
projectile impacting the chest and leading to sudden cardiac death, but without creating
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material damage. In fact, the dangerosity of such impacts depends much on the precise
time during the heart beat at which they occur: they are much more dangerous if applied
during diastole.

Quite generally, SAC’s are thought/aimed to contribute to depolarize cell membrane,
essentially during diastole, alter/prolongate action potential, raise the rest potential,
increase the active force, and induce premature ventricular excitations and arrhythmias.

In practice, SAC’s just create another additional current I to be added to the list of
membranar currents. They are controlled by some representative of the stretch of the
muscle fibers. Stretch A, or increase of sarcomere length SL, is believed to increase the
electric conductance. Several models, ion-insensitive or ion-sensitive, have been proposed.
A general expression has the form I = g(\) (V — E,) where E, is the reverse potential.
For V < E,, this model indicates an inward/depolarizing current, while the opposite
applies for V' > E,. That is, the maximum potential is lowered while the rest potential
is increased, and the descending branch of the voltage is modified/raised if the reverse
potential is sufficiently high.

Stretch-activated channels participate to the mechano-electric feedback. However,
there has been doubt that stretch itself, or only, is responsible for phenomena that can
be traced to belong to this kind of effect. Indeed, strain-rate, or tension, are other
candidates to enter the game.

Rate-dependent cell electrophysiology. Upon rapid shortening, the isometric ten-
sion Tjso of muscle fibers decreases, and, after the transient effects have been wiped off,
it returns to a lower value, Figure 7-(a). This force deficit phenomenon, is attributed
to an increased (rate of) Ca-detachment from Troponin C. Note that this force deficit
is too large to be due only to an elastic parallel contribution. That elastic component
is on the other hand sufficient to define the force at its steady state for instantaneous
(re-)stretching. This means that a force recovery phenomenon does not exist during
(re-)stretching.

One way to describe the force deficit phenomenon is to make the cell-electrophysiology
model dependent on the rate of stretch, or on the tension transients represented by the
ratio T/Tiso of the tension over its isometric value. Hunter et al. [1998] modify the
kinetics of the Ca?t binded to Troponin C,

d[TCal
dt

= kyy Ca2t ([TCa]max - [Tca]) — k_y [TCa), (7.1)

with Caf+ the cytoplasmic calcium concentration, k.1 and k_; the rates of attachment
and detachment of calcium on Troponin C. They make the rate of detachment k_; =
k%, (1 = T/Tiso/7T), With yr > 0, to increase as the tension T decreases, so that a lower
concentration [TCa] induces a lower isometric tension, Figure 7-(b).

7.2 Mechanobiology and Engineered Cartilages

Immature articular cartilage contains vessels that circulate nutrients. On the other
hand, adult articular cartilage is aneural, avascular and alymphatic. Nutrients from the
synovial joint are transported by the extracellular fluid through diffusion and convec-
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tion. Therefore the self-healing capacities of adult articular cartilage are practically nil.
One method to treat damaged cartilage consists in removing the damaged part and in
implanting biodegradable cell-polymer constructs. Engineered cartilages are cultured
on scaffolds of agarose or alginate gels. Agarose and alginate gels are chosen because,
polymerized, they display an open three-dimensional lattice structure that is prone to
fix cells. Once in place, artificial cartilage proliferates reasonably well, but the issue is
that its mechanical properties are lower than those of native cartilage. Recent studies
have shown that the mechanical conditions to which chondrocytes are subject in vivo
and in vitro affect the synthesis and degradation of the extracellular matrix (ECM), see
Figure 11. In fact, the chondrocytes are much more compliant than the ECM, about
1000 times according to Guilak et al. [1999], so that the ECM deformation carries over
to chondrocytes.

Although experiments tend to quantify the variations in the rates of stimulation
and inhibition of cartilage synthesis, the numbers should be taken with care. Indeed,
the depth-distribution of strain in a cartilage layer submitted to compression at its top
surface is highly inhomogeneous. Strains are much larger near the surface, and thus
the percentage of tissue undergoing mechanical stimuli strongly depends on the layer
thickness. These heterogeneities on the other hand may imply that there are optimal
geometries for the loaded cultures. The biological environment should also be controlled,
e.g. hypoxic conditions are also known to stimulate regeneration of cartilage.

Special bioreactors have been developed to apply unconfined compression on cartilage
cultures. The following points have been highlighted, Buschmann et al. [1992][1995],
Mauck et al. [2000]:

- static (prolongated) compression has a detrimental influence on the synthesis of

the ECM;

- dynamic (time variable) compression on the other hand contributes to matrix syn-
thesis. The actual efficiency of dynamic compression depends on the frequency and
on the details of the loading programme (amplitude, mean value, ...).

Unconfined compression, which is accompanied by lateral tension, is assumed to corre-
sponds better to the in vivo state of stress. On the other hand, the loading programmes
are highly arbitrary, and, in particular, the pros and cons of strain- over stress-controlled
loadings are not elucidated. Therefore there are plenty degrees of freedom for optimiza-
tion.

Mauck et al. [2000] loaded dynamically disks about 1 mm thick with a strain amplitude
of 10%, at a frequency of 1Hz, 3 times 1 hour on, 1 hour off, 5 days a week during
4 weeks. At the end of this period, the modulus is increased sixfold over unloaded
disks. They also observed an increase in glycosaminoglycans (GAG) and hydroxyproline
(measurements use [*°*S]sulfate and [*H]proline radiolabel incorporation). However, the
GAG content showed a peak at week 3, and further studies showed that it is later
substantially reduced. On the other hand, Buschmann et al. [1992] observed, on agarose-
seeded calf chondrocytes, an increase of GAG until day 70. Another conclusion of the
studies of Mauck et al. [2000] is that agarose gels are more prone than alginate gels to
improve the mechanical properties and matrix proliferation.
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